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Abstract

Let T be a B-Fredholm operator on a Banach space X. We say that T is rootless if there is
no bounded linear operator S and no positive integer n > 2 such that 7" = S™. In this note,
some properties of the uniform topological descent are used to give some sufficient conditions for
B-Fredholm operators to be rootless.
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1 Introduction

Conditions for the existence of roots of operators are of interest in the study of algebraic properties
of operators, and this problem have been investigated for several special classes of operators (see,
for instance, [1], [2]). In the case of matrices, the roots problem has several applications such as
the the matrix sign function, which is an useful tool in several problems (see, for instance [3], [4]).
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In [5] some conditions were given for a Fredholm operator to be rootless. For this, the index, ascent
and descent play a key role. In this note, we prove a similar result for B-Fredholm operators. In
this case, the uniform topological descent comes into play.

2 Preliminaries

Let X be a Banach space, and let us denote by B(X) the set of all bounded linear transformations
T : X — X. Let R(T') denote the range of T' and N(T") its null space. For T,S € B(X) the
following holds:

R(TS) € R(T),

N(S) C N(TS).
In particular, defining T° = I, with I € B (X)) the identity operator, we have the following chains:
X=R(T°)2R(T)2R(T*) 2+ 2 R(T™") 2 RI™) D -+

{0} = N(T°) C N(T) S N(T?) C--- C N(T") C N(T") C -
The ascent of T', denoted by a(7T'), and the descent of T', denoted by d(T'), are defined by:

a(T) =inf{n € No: N(T") = N(Tn+1)}’
d(T) =inf{n € No : R(T") = R(Tn+l)}7
with inf ) = co and No = {0} UN.

Recall an operator T is Fredholm if a(T") := dim N(T') < oo and (1) = dim X/R(T) < oo. For a
Fredholm operator T, the index is i(T) := «(T") — B(T).

There are several ways to “generalize” Fredholm operators. In this paper we are concerned with
B-Fredholm operators, which were introduced in 1999 by M. Berkani([6]): Let 7" € B(X) and
T, : R(T") — R(T") the operator given by T,,x = T'z. We say that T is a B-Fredholm operator if
for some n € N the range of T" is closed and T,, is a Fredholm operator.

Let T be a B-Fredholm operator such that 75, is Fredholm, then T, is Fredholm and (7y) = i(T\)
for every m > n ([6]). Thus, we can define the index of the B-Fredholm operator T as the index of
the Fredholm operator T,.

In a similar way as for Fredholm operators, if T' is a B-Fredholm operator, then «(7™) = ni(T) for
n € N. However, we don’t have an analogue for the following: if S and T" are Fredholm then T'S is
Fredholm and (T'S) = i(T") +i(S) ([7]).

3 Topological Uniform Descent

Let T be a B-Fredholm operator, then T;, is a Fredholm operator for some n € N. Now, we are
interested in «(T,) and B(T,) with respect to R(T7) and N(T*) for 5,k =0,1,2,...

Recall that if the ascent and descent of an operator T' € B(X) are finite, then they coincide.
Moreover, these quantities are related to «(T") and (T as follows ([8, Theorem 3.4]):

e If a(T) < oo then a(T) < B(T);

e If d(T) < oo then B(T) < o(T);

o If a(T) = d(T) < oo then o(T) = B(T'), but it can happen a(T) = oo;

o If o(T) = B(T) < 0o and if a(T') or d(T) is finite, then a(T") = d(T).
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Related to these quantities, we have the following ([9]):

L N(TY
an(T) = dim W,

. R(TM)
Bn(T) = dim Pty

Notice that «(T") = ao(T') and B(T') = Bo(T).
Recall from [9, Lemma 3.1] that we have

an(T) = dim[N(T) N R(T™)] = a(Ty),
and by [9, Lemma 3.2]

X

P = Ry T

= B(Ty).

If T is of finite ascent, say a(T") = n, then o, (T) = 0. In a similar way, if T is of finite descent,
then ,(T) = 0. Now, following Grabiner ([10]) we are interested in the case when a,(T') is not
zero but constant: An operator 7' € B(X) is of topological uniform descent if there exists d € Ny
such that N(T) N R(T™) = N(T) N R(T™*') and R(T™) is closed for all n > d. Equivalently, if
an(T) = ant1(T) for every n > d.

It is well known that B-Fredholm operators are of topological uniform descent ([6]). Here we offer
a proof for the sake of completeness (see the proof of Proposition 2.6 in [6]) :

Theorem 3.1. Let T € B(X) a B-Fredholm operator. Then T is of topological uniform descent.
Proof. Since R(T™) D R(T™"') we have that
N(T)N R(T™) C N(T)n R(T™).

Since T is B-Fredholm, there exists m such that R(T™) is closed and T}, is a Fredholm operator.
It follows that dim N(T) N R(T™) = dim N(T,,) < oo. Hence, there exists d € N such that
N(T)NR(T™) = N(T) N R(T?) for every m > d. That is, am(T) = aq(T) for m > d. Thus, T is
of topological uniform descent. O

Now we prove the result that will enable us to study the “roots” of B-Fredholm operators.

Theorem 3.2. Let T € B(X) be a B-Fredholm operator. Then, there exists d € No such that
aqa(T") = nag(T) for every n > d.

Proof. From the previous theorem, T is of topological uniform descent. Using [11, Lemma 2.1]
repeatedly, we have that if My C My C --- C M, are subspaces of X, then

My =~ M
dim — = dim .
My ; M4

From (@) it
" . N(T" ) . N(TTT)
T") = i S A b Sl
aq(T™) = dim N (T dim N
and
N(T™) C N(T™h) C .. € N(T™™),
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it follows
" Z" . N(T™)
Oéd(T ) = 2 dim ]\T(TT"'J_I)

= anarj-1(T)
=1

n

= au(T)

j=1

= naq(T).

The following known theorem illustrates the use of the results of this section:

Theorem 3.3. Let T € B(X) be a Fredholm operator. If a(T) =1 and T is not of finite ascent,
then a(T™) = n.

Proof. Recall
an(T) = dim[R(T™) N N(T)].

Since R(T™) D R(T™"!) for every m € N, we have
ao(T) > ar(T) 2 -+ > aa(T) = ag41(T) = -+,

where d corresponds to the topological uniform descent.

Since ao(T) = a(T) = 1, then ag(T) = 0 or aq(T) = 1. But a(T) is not finite, so N(T™) # N(T™*)
for every n, and

) N(Td+1)
Hence, aq(T) = 1.
Now, since ao(T') = aq(T'), then

a(T) = aa(T)

thus, by Theorem 3.2,

4 Roots

Let n > 2, we say that T € B(X) have n-th root if there exists S € B(X) such that T = S™.
Of course, the study of the roots of an operator is deeply related to the properties of the ascent,
descent, nullity and defect we have discussed so far. For instance, if T € B(X) is a Fredholm
operator and S € B(X) is a root for T, then it is well known that S is a Fredholm operator.

Of course, T is rootless if there is no bounded linear operator S and no positive integer n > 2 such
that T'= S™. We are especially interested in rootless B-Fredholm operators:

Theorem 4.1. Let T € B(X) be a B-Fredholm operator. If i(T) = £1, or if aa(T) = 1, then T is
rootless.
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Proof. Suppose i(T") = £1 and there exists S € B(X) and n € N such that "= S™. Since T is
B-Fredholm, then S is B-Fredholm (see [6, Proposition 2.8]) and by Theorem 3.2 we have

i(T) = i(S™) = ni(S).
Hence ni(S) = £1, and it follows n = 1 and T' = S. Therefore, T is rootless.
Now suppose aq(T) =1 and T = S", for S € B(X), n € N. Since T is B-Fredholm we have
aq(T) = aq(S™) = naq(9).
Then naq(S) = £1, and it follows n =1 and T = S. Therefore T is rootless. O
Since Fredholm operators are B-Fredholm, we recover a result from [5].

Corollary 4.2. Let T € B(X) a Fredholm operator. If a(T) = 1 and T is not of finite ascent, then
T is rootless.

Proof. From the proof of Theorem 3.3 we have a4(T) = 1, and from Theorem 4.1 it follows that T’
is rootless. O

Example 4.3. LetX = {3, the space of square summable sequences, and let us consider the operator
T € B(X) defined by
T(x1,22,23, ) = (21,3, 4, T5,. . .).

Then a(T) =1, R(T) = X and B(T) = 0. It follows i(T) =1 and hence T is rootless.

5 Conclusion

B-Fredholm operators are a generalization of Fredholm operators. So far, several properties of
Fredholm operators have found analogues for B-Fredholm operators. In this paper, we extended a
result of Yood concerning roots of Fredholm operators to the case of B-Fredholm operators. We
gave sufficient conditions for a B-Fredholm operators to be rootless using some properties of the
uniform topological descent. In the future, more examples and applications will be investigated.

Acknowledgement

This research was supported by SEP-PRODEP (Mexico) grant DSA/103.5/15/7749.

Competing Interests

Author has declared that no competing interests exists.

References
[1] Le T. Algebraic properties of operator roots of polynomials. Journal of Mathematical Analysis
and Applications. 2015;421:1238-1246.

[2] Shen J, Chen A. Analytic extension of a Nth roots of M-hyponormal operator. Bulletin of the
Iranian Mathematical Society. 2015;41:945-954.

[3] Assimakis N, Adam M. Inversion free algorithms for computing the principal square root of a
matrix. International Journal of Mathematics and Mathematical Sciences. 2014;1-8.



Kantin-Montiel; BJMCS, 20(5), 1-6, 2017; Article no.BJMCS.30520

[10]

[11]

Sambasiva Rao S, Srinivas M, Aravind Kumar V. Square root of certain matrices. Journal of
Global Research in Mathematical Archives. 2014;11:19-24.

Yood, B. Ascent, descent and roots of fredholm operators. Studia Math. 2003;158(3):219-226.

Berkani, M. On a class of quasi-Fredholm operators. Integral Equations Oper. Theory.
1999;34:244-249.

Berkani M, Medkovd D. A note on the index of B-Fredholm operators. Math. Bohem.
2004;129:177-180.

Aiena P. Fredholm and local spectral theory with applications to multipliers. Dordrecht:
Kluwer Academic Publishers; 2004.

Kaashoek MA. Ascent, descent, nullity and defect, a note on a paper by A.E. Taylor. Math.
Annalen. 1967;172:105-115.

Grabiner S. Uniform ascent and descent of bounded operators. J. Math. Soc. Japan.
1982;34:317-337.

Taylor AE. Theorems on ascent, descent, nullity and defect of linear operators. Math. Ann.
1966;163:18-49.

© 2017 Kantin-Montiel; This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (http://creativecommons.org/licenses/by/4.0), which permits unrestricted
use, distribution, and reproduction in any medium, provided the original work is properly cited.

Peer-review history:

The peer review history for this paper can be accessed here (Please copy paste the total link in your browser
address bar)

http://sciencedomain.org/review-history/17950



http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Topological Uniform Descent
	Roots
	Conclusion

