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Abstract

In this paper, closed forms of the sum formulas > ;_ kW and > p_, kW3, for the cubes
of generalized Fibonacci numbers are presented. As special cases, we give sum formulas of
Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas numbers. We present the proofs
to indicate how these formulas, in general, were discovered. Of course, all the listed formulas
may be proved by induction, but that method of proof gives no clue about their discovery. Our
work generalize second order recurrence relations.
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1 Introduction

There are so many studies in the literature that concern about special second order recurrence
sequences such as Fibonacci and Lucas sequences. The sequence of Fibonacci numbers {F,} is
defined by

FnI n—l+Fn—27 TLZQ, F():O, Flzl
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and the sequence of Lucas numbers {L,} is defined by
Ln:Lnfl"_Lan; nZZ, L0:23 L1:1

Fibonacci and Lucas integer sequences and their generalization/extensions have many interesting,
pretty and amazing properties and applications in many fields of science and arts. Horadam [1]
defined a generalization of Fibonacci sequence, that is, he defined a second-order linear recurrence
sequence {W,(Wy, W1;r, s)}, or simply {W,}, as follows:

Wi =1Whot1 + sWhoo; Wo=a, Wi =b, (n>2) (1.1)

where Wy, Wi are arbitrary complex numbers and 7, s are real numbers, see also Horadam [2,3] and
[4]. Now these generalized Fibonacci numbers {Wy,(a,b;r,s)} are also called Horadam numbers.
The sequence {W, },>0 can be extended to negative subscripts by defining

r 1
Weon=—-W_(no1y + -W_(n_2
S S
for n =1,2,3,... when s # 0. Therefore, recurrence (1.1) holds for all integer n.
For some specific values of a,b,r and s, it is worth presenting these special Horadam numbers in a
table as a specific name. In literature, for example, the following names and notations (see Table

1) are used for the special cases of r, s and initial values.

Table 1. A few special case of generalized Fibonacci sequences

Name of sequence Notation: W (a,b;r,s) OEIS: [5]
Fibonacci F, =W,(0,1;1,1) A000045
Lucas L, =W,(2,1;1,1) A000032

Pell P, =W,(0,1;2,1) A000129
Pell-Lucas Qn =Wn(2,2;2,1) A002203
Jacobsthal Jn = Wr(0,1;1,2) A001045
Jacobsthal-Lucas gn = Wn(2,1;1,2) A014551

The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples
are

" 1
> kP = g(fPfj+2 —(94+8n) P21 +2(3+2n) PyioPrir +1)
k=1

and

n
1
> kF2, = 5(—F3n+1 +(=1420)F2, + (1 —2n)F_p 1 F_, +1).
k=1

In this work, we derive expressions for sums of second powers of generalized Fibonacci numbers.
We present some works on sum formulas of powers of the numbers in the following Table 2.

Table 2. A few special study on sum formulas of second, third and arbitrary powers

Name of sequence sums of second powers sums of third powers sums of powers
Generalized Fibonacci [6,7,8,9,10,11] [12,13,14] [15,16,17]
Generalized Tribonacci [18,19]

Generalized Tetranacci [20,21]

The following theorem presents some summing formulas of generalized Fibonacci numbers with
positive subscripts.
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Theorem 1.1. Forn > 0 we have the following formulas: If (r +s — 1)(rs — s* + 1)(r +s —rs +
r? 4+ 5%+ 1) #0 then

(a)

where

Aq

(b)

where

Ao

(e)

where

n 5 AL
> Wi = 3 24 42
P (r+s—1)(rs—s3+1)(r+s—rs+r2+s2+1)

= 7(33 + 27rs — 1)W2+2 — (7‘43 + 3r2s2 — 353 + 2rs + 3 + 3 = 1)W2+1

+3rs(r + 52)W72L+2Wn+1 — 3rs? (rs —1) W72L+1Wn+2 + (2rs + 3 - I)Wf’
+(7'4s + 3r2s2 — p3s3 + 2rs + r3 + 3 — I)WS — 3rs(r + 52)W12W0 + 37'52(7'5 - 1)W02W1.

Ay
(r+s—1)(rs—s3+1)(r+s—rs+7r2+s24+1)

n 2
DWWy =
k=0

= —r(rs—1) W3+2 —rs® (rs —1) W2+1 + 5(2'r3 — s34 1)W721+2Wn+1
7(727”54 + ris + 27rs + 3 + s — 1)WZ+1W71+2 +r(rs—1) Wf

+rs® (rs —1) WO3 - 3(27‘3 -3 4 1)W12W0 + (—2'rs4 +ris2rs+ 03455 - 1)W02W1A

n As
WP Wy, =
k’go 1tk (r+s—1)(rs—s3+1)(r+s—rs+712+s2+1)

Az = r(r+52)Ws+2 +rsS(r+s2)W2+1 - (37”252 +7r3 4+ 83 —1)W§+2Wn+1
+32(2r3 — s34 1)VV,,2LJrl Wyyo —r(r+ SZ)VVIS - rsa(r + s2)Wg’

+3r2s% 473 455 — pwiwg — s2 (2% — s+ HwEwy.

Proof. This is given in [13].

The following theorem presents some summing formulas of generalized Fibonacci numbers with
negative subscripts.

Theorem 1.2. For n > 1 we have the following formulas:If (rs — s* + 1)(r +s — 1)(r + s —rs +
r? 4+ 52 4+ 1) # 0 then

(2)
where
Ay =
(b)
where

n 3 A4
> Wi =
P (rs—s34+1)(r+s—1)(r+s—rs+r2+s2+1)

(2rs + P I)WE”Jrl + (r4s + 3r2s2 — 353 + 2rs + r3 + 3 = 1)W§n — 3rs(r + 52)Win+1 W_,
+3rs? (rs — 1) W—n+1WEn — (2rs + s3 - 1)VV£3

—(7‘45 +3r2s2 — 353 pors 403 4 5% = l)Wg + 3rs(r + 32)W12W0 — 3rs? (rs —1) W(?Wl.

iWQ W_p = 25
Pt —ht17—k (rs—s34+1)(r+s—1)(r+s—rs+7r2+s2+1)

As = —r(r+s2)WEn+1 —rsB(r-&-sz)Win +(3r232+r3+33 —1)W3n+1W,n
—32(27‘3 s l)Wan,"Jrl + r(r + sz)Wl3 + 7"33(7" + sz)Wg

—@r2s? + 8 4 S Wiy 4+ 2 (2r® — B+ nwiwg.
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(c)
Ag

n
W2, W_pi1 =
k:gl —k k1 (rs —s34+1)(r+s—1)(r+s—rs+7r2+s24+1)

where

Ag = r(rs—1) W§n+1 +rs® (rs —1) WEn —s(2'r3 —s3+1)WEn+1W,n
+(—27‘s4 + ris + 27rs + r3 + 3 = I)WE"W,.,Hd —r(rs—1) Wl3
—rsd (rs —1) Wg + 5(2r3 —$3 + 1)W12W0 - (727‘54 + rts + 2rs + 3 + 3 — 1)W02W1.

Proof. This is given in [13].

2 Sum Formulas of Generalized Fibonacci Numbers with
Positive Subscripts

The following theorem presents some summing formulas of generalized Fibonacci numbers with

positive subscripts.

Theorem 2.1. For n > 0 we have the following formulas: If (rs —s® +1)(r +s—1)(r +s—rs+
r? 4+ 52 4+ 1) # 0 then

(a)
n
Q
3w = :
P (rs —s34+1)2(r+s—1)2(r+s—rs+r24s2+1)2
where
3 3 2 2
Q1 = ((-rs+s"—1)2rs+s" —1)(r+s—1)(r+s—rs+r° +s°+1)
—87“34 — 47‘45 — 87"2.92 — 87"353 — 61"2.95 — 2r5s2 — 27“434 + r336 + 8rs + r3 + 453 — 256 — 2)Wf’;+2
+(n(—rs + s3 — D(r+s—1)(r+s—rs+ r2 s 1)(7'45 +3r2s2 — 3% pors 43 4 5 = 1)
—27“43 — 47‘57 — 27"7.9 + 27‘252 — 167“333 — 137“235 — 107"5.92 — 107’434 + 27‘356 — 41"6.93
—3r2s8 + 6r°s® — r8s% — 3r457 + 2r7s% — 166 + 4rs + 273 + 3 — 8 + 6 — 59 — 1)Wf’;+1
+3rs(n(rs — s3 + 1)(r + 32)(7" +s—1)(r+s—rs+ r2 + s2 +1) — 3r + 4r3s + 8rs® + rOs
—rs® + 6152 + 6r2st + ordsd — 358 + 2rt — 452 + 435)Wi+2Wn+1
73rs2(n(rs _s3 +1)(r+s—1)(rs—1)(r+s—rs+ r? + s2 +1)
-&-(7“252 +rs+sS — 1)(—7“252 +5rs 4 2r° — % — 3))W72l+1Wn+2
+(s+1)(—s+ s2 + 1)(4rs4 + 3rts + 71282 — 4rs — 253 + 8 + 1)VV£g
+SS(87‘S4 + arts + 8r2s? + 8r3s3 + 6r2s® + 27952 + orts? — 3% _grs — 13 _ 448 + 259 + 2)W§’
—3rs(—2r + 27‘23 —+ 4'r53 + 27‘56 + 27‘332 + 57‘254 =+ 2r4s3 + 7‘4 — 332 + 235 + 58)W12W0
+3r52(27‘4s + 7‘37 =+ 4r232 —+ 27‘353 =+ 7‘552 — 5rs — 'r3 — 256 + 2)W02W1
(b)
n
Q
2 2
KW2Wyoq = _
Z kWRt1 (rs —s3+1)2(r+s—1)2(r+s—rs+r2+s24+1)2

k=0

40



Soykan; ARJOM, 16(6): 37-52, 2020; Article no. ARJOM.57097

where

Qy = T(n(77'5+5371)(7"571)(7"4»571)(7‘+57r5+r2+52+1)

T _ar?s? _2r3s3 _ 542 + 5rs + r3 + 258 — 2)W2Jr2

+'r53(n(7'r5 +s3 - D(r+s—1)(rs —1)(r+s—rs+ 24?4 1)

—47‘34 — 21"43 — 37“232 — 67"333 + 2r235 — 27“532 + 1"434 + 8rs + 27“3 + 233 —+ 36 — 3)W2+1

—2rts — s

+s(n(r+s—1)(rs — 2+ D(r+s—rs+ r2 482 4 1)(27"3 — s34 1)

—47‘34 + 87“43 + 21"37 + 27‘73 + 27“333 — 67’285 + 67‘532 — 27“434

+3r336 + 2rs — 53 + 453 + 478 — 248 _ 2)W§+2Wn+1

+(n(—rs + 3 = D(r+s—1)(r+s—rs+ r? + s2 + 1)(727'54 + rs + 2rs + r3 + 3 = 1)
—87‘34 — 27"43 + 47‘37 — 27"73 — 77“232 + 5r235 — 4r532 — 1"434 + 107“336 — 4r633 — 47“238
+4r535 — 852 _ 30467 + 4rs + 2r3 + 30 + 8 82 = 1)W72L+1Wn+2

+7'(74rs4 + 2rts + 2rs” + 5r2s2 — 2733 + 2r25° + rist —ors + 253 — 346 + 1)VV13
+7‘33(2r4s + rs? + 4r2s? + 27343 + rPs? —5rs — 3 — 245 + 2)W03
+s(s+1)(—s+ 2+ 1)(—37‘45 +3r2s2 —ar3s® 4 ap® — 253 — 276 4 6 4 1)W12W0

+s2(rs —1)(—2s + 4r3s + 0 + 23t _ 612 + 370 + 45 — 257)W02W1

(c)

n Qs
W2, W, =
kz=:0 Rk s S T )2 (rts— 1)2(r+s—rs+r2 152+ 1)2

where

Q3 = ’I‘(TL(T‘S—SS+1)(7‘+S—1)(T‘+S2)(T+S—T‘S+T‘2+Sz+1>
+2'r2s + 47‘33 =+ 2'r56 + 27‘382 + 5’!‘254 + 27‘453 + 'r4 — 352 + 255 + 38 — 2T>Wﬁ+2
+rsP(n(r+s)(rs— s>+ D)(r+s—D(r+s—rs+7r2+s2+1)
+4'r2s + 87‘33 =+ rss — 'rsG + 6r352 + 67‘254 + 27‘483 — 'r355 + 2’!‘4 — 452 =+ 435 — 37‘)W2+1
+(n(=rs+s>— D@ +s—Dr+s—rs+r>+s2+1)3r2s% +r2+% 1)
737‘45 =+ 6r232 — 127‘353 — 97‘255 — 6'r552 — 127‘484
_2r38 _ 4,653 _ 34258 + 2r3 + P + 8 — 2 = 1)W721+2Wn+1
+52(n(rs -5+ D(r+s—1)(r+s—rs+ r2 452 4 1)(21"3 -84 1)
747‘34 + 87‘45 + 2'rs7 + 27‘75 —+ 27‘353 — 6'r255 + 6’!‘552 — 27‘454 —+ 37‘356
+2rs — 5r% + 457 + 4r® — 255 —2)W2 W,
+r(r+ rs — 5rs® + 2r3s2 — 4r?st — 2p%s3 — 1345 + 252 — 258)W13
7rs3(727‘ + 2r?s + arsS + 2rs0 + 2r3s2 + 57‘284 + 2rts3 + rt_ 352 + 25 + SS>W03
+s(r + 52)(4'r353 + 6r2s? + 3052 + 2r3 — 453 — 10 + 246 + 2)W12W0

+s2(5 +1)(—s + s2 + ].)(737‘45 + 3r2s2 — 47353 + 4r3 — 253 — 2,0 + s8 + 1)W02W1

Proof. Using the recurrence relation
Wn+2 = TWTLJrl + SWn

i.e.

sWhp, = Wn+2 - TWn+1

we obtain

3 3 3 2 2 2 3 3
SWE = W2y — 3rW2 o Whir + 3r2W2  Wais — r*W2,,
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and so

2 xnx WS = nx W2+2 —3rxnx W3+2Wn+1 +3r xn x W3+1Wn+2 —rxnx WSH
Sm-1DWe, = (m—1DW2,—3r(n—1DWi Wy +3r2(n— )Wy Wni —r’(n—1)W,;
Sn—2W2 ., = (n—2)W2 —=3r(n—2)WiWn_1 +3r°(n — 2)Wr_ W, —r’(n — 2)W,_,

Sx2xXWE = 2xX Wi —3rx2x WilWs+3r° x 2 x WaW, —1r® x 2 x W3

Sx1x WP = 1><W§’—3r><1><W32W2—|—Z’>1“2><1><W22W3,—7"3><1><W23

53><0><W§’ = 0><W23—3rx0><W22W1—|—3r2><O><W12W2—7"3><0><W13

If we add the above equations by side by, we get

s3 Zn: W2
k=0

(nWiio + (n— DWily — (D)W — (=2)W5 + D kWE -2 W) (2.1)
k=0 k=0
=3r(nWi s Wagr — (—D)WEWo + Y CEWE Wi = Y - Wity W)
k=0 k=0

+3r (MW Wago = (“DWEWa + Y KWiWiir = Y WilWig)
k=0 k=0

= (MWiky = (WG + Y RWE = W),
k=0 k=0

Next we calculate >°}_, EW? 1 Wi. Again, using the recurrence relation

Whto = Wit + sW,

ie.
Wy = Whgo — Wit
we obtain
sWi W = Wi i Wiy — rWiiy
and so
s XMn X WfHWn = nW3+1Wn+2 —rxnx W2+1
s(n—DWiWn 1 = (n—1)WiWni —r(n—1)W,;
s(n—2)W2_ Wyn_o = (n—2)Wi_ W, —r(n—2)W;_,
s><2><W32W2 = 2><W32W4—r><2><W§’
s><1><W22W1 = 1><W22W3—r><1><W23
sXOx WiWo = 0x WiWa—1rx0x W}

If we add the above equations by side by, we get

s> KWiaWi = (Wi Wags — (DWW + > kWiWiia — Y WiWia)  (22)
k=0 k=0 k=0
—r(nWip — (WG + > kWE =Y WR).
k=0 k=0
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Next we calculate Y }'_, EW2Wii1. Again, using the recurrence relation

Wn+2 = 71VVn+l + SWn

i.e.
2 2 2 2 2
sW, = Wn+2 — TWn+1 =S Wn = Wn+2 —+7r Wn+1 — QTWn+2Wn+1
we obtain
21,2 ) 21173 2
B} WnW’n+1 - Wn+2WTL+1 +r Wn+1 - 2TWn+1Wn+2
and so

XX WEWpni1 = nx W3+2Wn+1 +72 x nx WS_H —2r xn X W3+1Wn+2
S(n—1D)W2_ W, (n — D)W2 AWy + 1% (n — )W —2r(n — D)W Wi
s2(n— )Wy s W (n —2)W2Wno1 +72(n — 2)Wi_1 — 2r(n — 2)W2_ W,

2 x2x WEWs = 2><W42W3+r2><2><W3372r><2><W32W4
52><1><W12W2 = 1><W32W2+r2><1xW2372r><1><W22W3
SXOXWEWL = Ox WaWi41° x0x Wy —2r x 0 x WiWs

If we add the above equations by side by, we get

S2Y KWWy = (0We o Waga — (1)WiWo + > kWi Wi — > Wit W) (2.3)

k=0 k=0 k=0

HrinWe iy — (CDWe + > EWE = > W)
k=0 k=0

—2r(nWi 1 Wt — (“D)WeWi + > EWEWir — > WiWiga).
k=0 k=0

Using Theorem 1.1 and solving the system (2.1)-(2.2)-(2.3), the required results of (a),(b) and (c)
follow.

Taking r = s = 1 in Theorem 2.1 (a),(b) and (c), we obtain the following proposition.

Proposition 2.1. If r = s =1 then for n > 0 we have the following formulas:
(8) Sp o kWP = 3(— 20+ 7) Wiis — (6n+13) Wiy + 3 (20 + 6) Wi oWars — W2 Waga +
SWE +TWE — 12WEWo + 3WEWL).

(b) Y h o kWiWig1 = 3 (Wi io = W3 1+ 2n+3) Wi oWni1 —2(n+ 1) Wa o Wigo — Wi Wo+
W+ Wwg).

(©) TR okWii Wi = SR+ Wi, +2n+3) Wi + @n+3) Wi Wage — (n+ 1) Wi ,Weg — 2WF —
AWE — WEWy + TWEWo).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with Fp =0, F1 = 1).

Corollary 2.2. For n > 0, Fibonacci numbers have the following properties:

(@) YhookFR = 5(=(2n+7) Flio — (6n+13) Fiq +3(2n 4 6) o Fuyr — 3F 11 Faga +5).
(b) i o ki Firr = 1 (=Fiya — Fipa + (2n+3) Fr o Fupr —2(n+ 1) Frypy Fpz + 1),
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(€) YhiokFiFr=102Mm+2)Fl 2+2(n+3)Fl+(2n+3) Fop Fopo—(4n 4+ 11) Fi o Foya —
2).

Taking W,, = L,, with Lo = 2, L1 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 2.3. Forn > 0, Lucas numbers have the following properties:

(@) Yr okLi=3(—2n+T7) L) o — (6n+13) L5, 1 +3(2n+6) L} oLny1 — 3L% 1 Lnya + 49).

(b) Yh okLiLit1 = 3(—Liio— L1+ (2n+3) L3 oLnt1 —2(n+1) Lo 1 Laja + 7).

() SrokLijg1Le=3(2n+2) L) s+2(n+3) L5 1+(2n+3) L2 1 Laso—(An + 11) L2 o Lny1—
24).

Taking r = 2,s = 1 in Theorem 2.1 (a),(b) and (c), we obtain the following proposition.

Proposition 2.2. Ifr =2, s =1 then for n > 0 we have the following formulas:
(@) Yr o kWP = a=(—(14n + 33)Wp o — (112n + 145)W3 1 + 3(21n + 46) W, oWyt — 3(Tn +
2NVW2 1 Wita + 19WF + 33WE — T5WEW, + 60WEWH).

(b) > kWiWii1 = g5(— (Tn+20) Wi o — (Tn+27) Wiy + (56n + 97) Wi oW1 — (84n +
107)W2 i Waga + 13W 4 20W§ — 41WE W, + 23WEW).

c RORWEL Wk = & ((21n + 25)WEL 5 + (21n + 46)W3, — (T0n + 109)W2 s W1 + (56n +
k=0 + 98 + +
VW21 Wiga — AW — 25W§ + 39WEW, — A1WEWH).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers
(take Wn = Pn Wlth PO = 07 P1 = 1)

Corollary 2.4. Forn > 0, Pell numbers have the following properties:

(@) Yh kPP = 55(—(14n + 33)Paiy — (112n + 145)P3,; + 3(21n + 46) Py o Puy1 — 3(Tn +
27)P2. | Pyi2 + 19).

(b) XR_okPZPry1 = g5 (— (Tn+20) P35 — (Tn +27) P3| + (56n + 97) P2, Ppi1 — (84n + 107) P2 | Pryo + 13).

(€) Sr okPiaPe = o=((2ln + 25)P7 5 + (21n + 46) P,y — (70n 4 109) P75 Poy1 + (56n +
97) P 1 Pz — 4).

Taking W,, = @, with Qo = 2, Q1 = 2 in the last proposition, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 2.5. For n > 0, Pell-Lucas numbers have the following properties:
(@) Yh_okQi = 5(—(14n + 33)Qh 2 — (112n + 145)Q5 1 + 3(21n + 46)Q; 1 2Qni1 — 3(Tn +
27)Q2 41 Q2 + 296).

(b) ZZ:O inQkH = 9*18(_ (7n + 20) Q%+2 — (Tn +27) 2-5-1 + (56m + 97) Qi-&-anH — (84n +
107) Q5 4+1Qn2 + 120).

(€) Sr_okQi1Qr = &=((2In + 25)Q% 1o + (21n + 46)Q% 11 — (701 + 109)Q7 2 Q41 + (561 +
97)Qn+1Qnv2 — 248).

Taking r = 1,s = 2 in Theorem 2.1 (a),(b) and (c), we obtain the following proposition.

Proposition 2.3. If r =1,s = 2 then for n > 0 we have the following formulas:

(@) Yp o kW = 5955 ((770n — 481)W; .5 + (1260n — 2588)W,i, 1 — 6(350n — 225)W, oW1 +
12(70n + 39) Wi, Wiy2 + 1251W7 + 3848W§ — 3450W W, + 3T2WEW7).
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(b) > r_ o kWiWii1 = 1555 ((TOn — 3L)Wii s + 8(7T0n + 39) Wiy + 2(350n + 125)Wp s Woy1 —
(1260n + 632)W2 Wi + 101W + 248W§ + 450WE Wy — 628WEWH).

(€) Sr o kWi Wi = 55(—(350n — 575)Wp .5 — 8(350n — 225)Wy ., + (1400n — 1950)Wp,»
Wat1 + 4(350n + 125)W2 1 Wite — 925W7F — 4600W§ + 3350WE W, + 900WEW7).

From the last proposition we have the following corollary which gives sum formulas of Jacobsthal
numbers (take W,, = J, with Jo =0,J1 = 1).

Corollary 2.6. For n > 0, Jacobsthal numbers have the following properties:
(@) Sp_okJi = 1055 ((770n —481)J; 5 + (1260n — 2588) Ji1 1 — 6(350n — 225)J5 5 Jn 1 4+ 12(70n +

39)J2 1 Jny2 + 1251).

(b) S o kJi k1 = gom5 (700 —31)J 35 4+ 8(T0n +39) 5 1 + 2(350n + 125) 2 4 5 Jn 41 — (1260m +
632)J7 1 Jnt2 + 101).

(€) Sh_okJiiidr = 5955 (—(350n — 575)J3 5 — 8(350n — 225).J5 1 + (1400n — 1950).J; 1o Jni1 +
4(350n + 125)J2 11 Jny2 — 925).

Taking W,, = j, with jo = 2,71 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 2.7. Forn > 0, Jacobsthal-Lucas numbers have the following properties:
(@) Y o ki = 1995 ((770n — 481)j7 15 + (12600 — 2588) 5 1 — 6(350n — 225)j7 2 jn11 + 12(70n +
39)52 1 1nt2 + 26623).

(b) Yh_okjriri1 = 1950 ((TOn — 31)j7 5 4+ 8(70n 4 39)jp 11 + 2(350n + 125)j7 4 2jnt1 — (1260n +
632) 7 1Jn+2 + 473).

(€) S o kiiiiix = 7955 (—(350n — 575)ji o — 8(350n — 225)j5 1 + (1400n — 1950)j7  2jnt1 +
4(350m + 125)52 1 jnr2 — 27425).

3 Sum Formulas of Generalized Fibonacci Numbers with
Negative Subscripts

The following theorem presents some summing formulas of generalized Fibonacci numbers with
negative subscripts.

Theorem 3.1. For n > 1 we have the following formulas:If (rs — s> +1)(r+s— 1)(r + s —rs +
r? 4+ 5%+ 1) #0 then

(2)
n s Q4
=1 (rs —s3+1)2(r+s—1)2(r+s—rs+7r2+s24+1)2
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(b)

(c)

where

Q4

where

Q5

where

Q6

(n(2rs+33—1)(Ts—33+1)(1"+s—1)(7‘+s—rs+r2+32+1)

—37‘43 — 4'rs7 — 7'r252 — 7r255 — 37‘434 + 4rs + s3 —+ 36 — 59 — 1)W§n+1

+(n(r+s—1)(rs — s3 + 1)(7"43 +3r232 — 348 + 27rs + 3 + 3 = 1)(r+s—rs+ r? + s2 +1)
+8rs4 — 8'rs7 + r3s3 — 8r235 — 4'r4s4 — 8r356 - 67‘238

—2r0s5 _optsT + r3s9 — 2s3 + 4s% — QSQ)WEn

—3rs(n(r + 32)(7‘3 -2+ D(r+s—1)(r+s—rs+ r2 s 1)

+2r — 2r2s — drs® — 2rs% — 27352 — 57”254 — 27‘453 — 'r4 + 352 —2s% = 58)W3n+1w—n
+37‘sz(n(7’s -3 4 D(r+s—1)(rs —1)(r+s —rs+ r24s? 4 1)

T 4r?s? —2r3s% —p562% fsrs + % 4255 — 2)WEWW_n+1

—2rts — rs
+(s+1)(—s+ 52 + 1)(41"s4 + 3rts + 7r2s? — 4rs — 25° + s8 + I)Wf’

-‘,—.33(87‘34 + arts + 8'r2s2 + 87"353 + 67‘255 + 2r° 52 + 27‘434 —r3s% — 8rs — 3 — 453 + 28 + 2)Wg’
—3rs(—2r + 2r2s + 4rsd + 2750 + 27352 4+ 5r2st 4+ 2rtsd + rt 352 + 2s° + SS)W12W0
+37‘52(27‘4s + rs? + 4r2 52 + 27343 + P52 —B5rs — 3 — 25° + 2)W§W1

Q5

(rs —s3+1)2(r+s—1)2(r+s—rs+1r2+s2+41)2

n
2
DWWy =
k=1

—r(n(r+s)(rs— s>+ 1) (r+s—1)(r+s—rs+r>+s2+1)

—+r + 7‘53 — 5r56 + 27‘332 — 4'r254 — 27‘453 — r355 + 232 — 238)W3n+1
Hrs®(n(—rs+ % =D+ ) (r+s —Dr+s—rs+07 457 +1)

+2'r2s + 47‘33 —+ 2'r56 =+ 2'r352 + 5r2s4 + 27‘453 + 7‘4 — 352 + 255 =+ 38 — 2T)Win

s =P+ D(r+s =D +s—rs+ P +7 + DErET 400 +5° -1

+4'rs4 — 2'r4s — 27‘37 =+ 'r7s — 27‘333 — 4'r4s4 — 107‘386 — 27‘633

—6r2s® —3r%s% — 2rs — 25% + 455 — 259)W3W’+1W_n

+32(n(r +s—1)(—rs + - 1)(r+s—rs+ r? 482+ 1)(27«3 — sS4 1)

+3'r4s — 37‘282 — 3r255 + 3r4s4 + 47‘356 + 27‘633 — 4'r3 + 33 =+ 2T6 + SG — 59 — 1)WEWW—n+1
+r(r+ rOs — 5rs® + 2r3s2 — arZst _opts® _ 3460 + 262 — 238)W13

—7‘33(—27‘ + 2r2s + 4rsS + 278 + 2r3s2 + 57‘234 + 2rts3 + Pt 352 + 2% + SS)WS’

+s(r + 52)(47'333 + 6r2s° + 37552 + 2r3 —45% — 10 + 246 + 2)W12W0

+52 (s+1)(—s+ s2 + 1)(73r45 + 3r2s2 — 47353 + ar3 — 253 — 2,6 + 58 + 1)W§W1

n
Q
2 6
EWZ, W_ =
,;1 —k k1 (rs —s3+1)2(r+s—1)2(r+s—rs+1r2+s2+41)2

r(n(r+s—1)(rs — 1)(rs — sS4 1)(r+s—rs+ r? 482+ 1) + arst — 2pts — 2rs7
—5r252 + 27353 _9p2s% _ ptst + 2rs — 253 + 359 — 1)Win+1
+r53(n(7‘ +s—1)(rs —1)(rs — sS4 1)(r+s—rs+ r? 482+ 1)
727‘45 — 'rs7 — 4'r252 — 27‘353 — 'r552 + 5rs + 'r3 =+ 256 — 2)Win

+s(n(—rs + 3 - (r+s—1)(r+s—rs+ r? 482+ 1)(21"3 — sS4 1)

+3'r4s — 3r232 — 3r255 + 3r4s4 + 47‘356 + 27‘633 — 4'r3 + 33 =+ 2T6 + SG — 59 — 1)WZW,+1W_”
+(n(r+s—1)(rs — 2+ D(r+s—rs+ r2 sy 1)(—27‘34 +risors+ 3455 — 1)
+10r353 =+ 3'r552 — 47‘454 + 27‘336 — 2r653 — 27‘457 — r7s4

_92g3 + 458 — 25° + ors* — 4rs” + 2rstd — 6r252)W3nW_n+1

+r(—4rs4 +2rts 4 2rsT 450252 — 27252 4 20255 4 ptst —2ps 4253 — 356 4 1)W13
+7‘33(2r4s + 7‘37 =+ 4'r252 =+ 27‘333 + 7‘552 — 5rs — 'r3 — 236 —+ 2)Wg'

+s(s+1)(—s + 82 + 1)(737‘45 + 3r2s2 — 47363 + 4r3 — 253 — 2,6 + &8 + 1)W12W0

+52('rs —1)(—2s + 4r3s + rBs + 2r3s* — 612 + 370 + a5t — 257)W1 W02
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Proof. Using the recurrence relation

1
W7n+2 - ’r'anJfl + Swfn = an = 7£W7’ﬂ+1 + gW7n+2

i.e.
sW,n = W7n+2 — 7’an+1
we obtain
SWE, =W, 00— 3rW2 oWy + 30 W2 We — W2,
and so
SSX’RXWE" = nWEn+273r><n><WEn+2W,"+1+3T2 XnXWEn+1W,n+27T3 XnXWEn+1

3 3
sS(n—1WZ 1y

3 3
s (n — 2)W7n+2

33><3><W33

33><2><W§2

Sx1x w3

3><Wfl—3r><3><W31W,2+3r2><3><W32W,1—1"3><3><W§2
2><W§'—3r><2><W§W,1+3r2><2><W31W0—r3><2><W§1

IX WP —3r x 1 X WiWo 43r2 x 1 x WEW; —r% x 1 x W

If we add the above equations by side by, we get

n
3 3
ST kW2
k=1

(—n=DW2 L+ (—n=2)W2 W] +2x WS+ > kw2, +23 w2
k=1 k=1

n n
=3r((—n = DW2 W + WiWo + > kW2, W+ > W2, Woy)
k=1 k=1

n n
307 (= = W2, W + WEWL+ > RW2, W + > W2, W 41)
k=1 k=1

3 ((—n—W2 W+ S w4+ ST WP
k=1 k=1

Next we calculate Y 7_, EW? k+1W_k. Again using the recurrence relation

1
Wento=rW_pir +sW_p, = W_,, = _gw—n+1 + gW—n+2

i.e.

we obtain

and so

SW_n = W_n+2 — TW_n+1

2 2 3
SW*TH»IW—W‘ = W,n+1W_n+2 — TW*TL#»I

sxnX W2 Wo = nW2,  Wopo—rxnx W2,
s(n—1D)W2,  oWeni1 = (n—=1)W2, Wiz —7r(n—1)W?3,
s(n—2)W2,  sWenio = (n=2)W2, sW_pnia—7(n—2)W?3, 3
sX3IXW2,W_3 = 3W2L,W_1—rx3x W23,
SX2X W2 W_y = 2x W3 Wo—rx2x W3,
s><1><WO2W_1 = 1><W02W171ﬂ><1><W(§3

3 2 2 2 3 3
(n—1WZ, 15 —=38r(n — W, 1 aW_ 4o +3r°(n—1DWZ _oW_pi3—r"(n—-1)WI, .,

3 P 2 2.2 2 3 3
(n — 2)W77L+4 —3r(n — 2)W7n+4W,n+3 +3r°(n — 2)W7n+3W—n+4 —r°(n— Q)W—n+3

(3.1)
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If we add the above equations by side by, we get

n n n

2 2 2 2 2

SIS RWZ, Wy = (m(n A DWW + WEWL + S RWE Wy + > W2 W gy) (3.2)
k=1 k=1 k=1

n n
—r(=(n+ DWW+ S EWE L+ ST wE )
k=1 k=1

Next we calculate >°;_; W2, 11 W_k. Again using the recurrence relation

W—n+2 = TW—n+1 + SW—n

i.e.
sW_,, = W—n+2 - TW—n+1
we obtain
SW2, = W2,0—2W_ oW i +7°W2,
= W2 W1 = W2 oW — 2rW2 Wi + W2
and so
2 2 2 2 2 3
XX WZ, Wyt = nWI oW nir —2rxmnx W2, (yW_ o +r " xnx W2, 4
= D)W2 Wengo = (n—=1D)W2, sWopnio —2r(n — DW2, oW_piz +72(n — W2, 1o
S —2)W2, oWz = (n—2)W2, Wiz — 2r(n — W2, s W pya +7°(n —2)W2, 15
2 2 . 2 2 2 3
STX3IXWIsW_g = 3xWI W_a—-2rx3x Wi,W_1+7r"x3x W,
SPXIXW2W_, = 2x WagWo1 —2r x2X W2 Wo 412 x 2 x W3,
SXIXW2EWo = 1xWiWo —2r x 1 x WEWL +12 x 1 x W§

If we add the above equations by side by, we get
SSYERWE W ip1 = (e DWE W + WEWo+ S RWE W+ Y WE L W) (3.3)
k=1 k=1 k=1

n n
—2r(—(n+ W2, Wy + WEW1 + > kW2, Woppr + > W2, W_ii1)
k=1 k=1

+r2 (= + W2+ WS+ S kW3 + 3 wP )
k=1 k=1

Then, using Theorem 1.2 and solving the system (3.1)-(3.2)-(3.3), the required results of (a),(b)

and (c) follow.

Taking r = s = 1 in Theorem 3.1 (a),(b) and (c), we obtain the following proposition.

Proposition 3.1. If r = s =1 then for n > 1 we have the following formulas:
(@) Sp kW2 = 2(@n—=5)W3, .1+ 6n—T)W2, —32n—4) W2, \W_p, —3W2,W_pn41 +
SWE + TWe — 12WEWo + 3WEWL).

(b) SR kW2, W =30 -n)W3,  +2@-n)W3, +@n—T)W2 _ W_, +(1 —2n) W2 W_, 11 —2W]—
AWE — WEWy + TWoW3).

(€) Sr kW2 W 1 = 2(-W2, = W3, + (1 —2n) W2, W +20 W2, W + WP+ WG —
WiWo).

48



Soykan; ARJOM, 16(6): 37-52, 2020; Article no. ARJOM.57097

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with Fy =0, Fy = 1).

From the above proposition, we have the following corollary which gives sum formulas of Fibonacci
numbers (take W,, = F,, with Fy =0, F; = 1).

Corollary 3.2. For n > 1, Fibonacci numbers have the following properties.

(@) Sp  kF* =2(2n—5)F2, 1+ (6n—T)F2, —3(2n—4)F2,  F_n —3F2,F_n.1+5).
(b) SR kF2, F_=3Q0A-n)F3 . +2@-n)F? 4+ @n—-7F2 | F ,+Q—-2n)F2 F_ .1 —2).
() Sho i kFF i =3(—F2 0 — F2 4+ (1—=2n) F2,  F o 4+ 2nF2, F_ny1 + 1).

Taking W,, = L,, with Lo = 2, L1 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Lucas numbers.

Corollary 3.3. For n > 1, Lucas numbers have the following properties.
(@) Yp kL, =X((2n—5)L%, . +(6n—T7)L%, —3(2n—4) L, L —3L%,L_n41 +49).
(b) SR kL L =30 -n)L%, 1 +2@-n)L? 4+ @n—-7L%, | L_,+ (1 —2n)L% L_, 5 —24).

() Sp  kL*yLjpr=2(-L%, 1 — L%, +(1—2n) L%, \Ln+2nL%, L _ni1 +7).
Taking r = 2,s = 1 in Theorem 3.1 (a),(b) and (c), we obtain the following proposition.

Proposition 3.2. If r =2,s =1 then for n > 1 we have the following formulas:
(@) Yp_ kW2 = & ((14n — 19)W2, 1 + (112n — 33)W2,, — (63n — T5)W2, \W_, + (21n —
60)W2, W g1 + 19WE + 33WE — T5WEW, + 60WEW?).

(b) Y kW2 Wop = 2 (—(2In—4)W2, . — (21In—25)W2,, +(T0n—39)W2,, |, W_,, — (561 —
ANW2, W1 — AW — 25W5 + 39WEWo — 41WGWH).

(€) Sr kW2 W i1 = =((Tn— 13)W2, 11 + (Tn — 20)W2,, + (41 — 56n)W2,, . W_,, + (84n —
23)W2, Wy + 13WF + 20W5 — 41WEW, + 23WEW)).

From the last proposition, we have the following corollary which gives sum formulas of Pell numbers
(take Wn = Pn with PO = O,Pl = 1)

Corollary 3.4. For n > 1, Pell numbers have the following properties.
(a) Yp_ kP?, = &= ((14n—19) P2, +(112n—33) P2, —(63n—T75) P2, 1 P_n+(21n—60) P2, P_,, 41

+19).

b ® kP2, P =&(—(21n—4)P3, 1 —(21n—25)P3 ,+(70n—39) P2, .1 P_,—(56n—41) P2,
k=1 + 98 + +
P i1 —4).

(€) Sr_ kP P_pi1 = = ((Tn—13)P%, 1+ (Tn—20) P2, + (41—56n) P2, 1 P+ (84n—23) P2,
P7n+1 + 13).

Taking W,, = Q» with Qo = 2,Q1 = 2 in the last proposition, we have the following corollary which
presents sum formulas of Pell-Lucas numbers.

Corollary 3.5. For n > 1, Pell-Lucas numbers have the following properties.

(@) 7 kQ% = &((14n — 19)Q% 41 + (112n — 33)Q%,, — (63n — 75)Q%, 1 1Q—n + (21n —
60)Q% ,,Q—nt1 + 296).

(b) >r 1 kQ% 1 1Q -k = 55 (—(2In—4)Q% 11 — (21n —25)Q%,, + (T0n — 39)Q2,,11Q —p — (56n —
41)Q277LQ—71+1 - 248)
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(€) Yroy hQ%Q ki1 = & (Tn—13)Q% 1 +(Tn—20)Q% . +(41-561)Q 141 Qn+(84n—23)Q°,
Q_ni1+120).

Taking r = 1,s = 2 in Theorem 3.1 (a),(b) and (c), we obtain the following proposition.

Proposition 3.3. If r =1,s = 2 then for n > 1 we have the following formulas:

(@) Sp_ kW2, = s (— (770n+1251)W3n+1 (12601 + 3848)W3,, —12(70n +31) W2, W_ .41+
6(350n + 575)W,n+1w_n + 1251W3 4 3848W ¢ — 3450W W, + 372WGW1).

(b) >0 . kW2 A Wop = 7055 ((350n 4 925) W2, +8 (350n + 575) w3, — (1400n + 3350)
W2, W, —4(350n + 225) W2, W_p11 — 925W7F — 4600W¢§ + 3350WEW, + 900WEW,).

() Sp i kW2 W i1 = 5555 (— (70n+101)w3n+1 8(70n+31)W?3,, —2(350n+225) W2, W_,, +
(1260n + 628) W2, W_ i1 + 101W7 + 248W§ + 450WEW, — 628WEW?).

From the last proposition, we have the following corollary which gives sum formula of Jacobsthal
numbers (take W,, = J,, with Jo =0,J; = 1).

Corollary 3.6. For n > 1, Jacobsthal numbers have the following properties:

(@) Sp_ kJ%, = 155 (—(770n + 1251)J2,, 1 — (1260n + 3848)J2,, — 12(70n + 31)J2,,J_ni1 +
6(350n 4 575)J2 41 J—n + 1251).

(b) Yh i kJ? ki1 d—k = 5055 ((350n + 925) J2 .. 1 +8 (350n + 575) J2,,—(1400n + 3350) J2,, 4 1J_n—
4(350n + 225) J2 ,, J_pny1 — 925).

(€) Sr_ i kJ2hd ki1 = go55(—(70n + 101)J2,, . — 8(70n + 31)J2,, — 2(350n + 225)J2,, 11 J_n +
(1260n + 628)J2,,J_pnt1 + 101).

Taking W, = j, with jo = 2,71 = 1 in the last proposition, we have the following corollary which
presents sum formulas of Jacobsthal-Lucas numbers.

Corollary 3.7. For n > 1, Jacobsthal-Lucas numbers have the following properties:

(@) Yor_i ki’ = go55(—(770n+1251)5% 1 — (1260n+3848)5° ,, —12(7T0n+31);2,,j—n+1+6(350n+
575)52 py1j—n + 26623).

(b) > i ki ky1d—k = 3o55 ((350m + 925) 52,1 +8 (350n + 575) 52, — (1400n + 3350) 52,4 15—n —
4(350m + 225) 52, j—nt1 — 27425).

(€) Sr_ikiZri-k+1 = 7o55(—(70n + 101)5%,, 1 — 8(70n + 31)5%,, — 2(350n + 225)5° .4 1j—n +
(1260n + 628)52 1 j—n+1 + 473).

4 Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature and the
sequences of numbers were widely used in many research areas, such as architecture, nature, art,
physics and engineering. In this work, sum identities were proved. The method used in this paper
can be used for the other linear recurrence sequences, too. We have written sum identities in terms
of the generalized Fibonacci sequence, and then we have presented the formulas as special cases
the corresponding identity for the Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas
numbers. All the listed identities in the corollaries may be proved by induction, but that method
of proof gives no clue about their discovery. We give the proofs to indicate how these identities, in
general, were discovered.
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