Journal of

Scientific Research
and Reports

Journal of Scientific Research & Reports

26(9): 103-110, 2020; Article no.JSRR.62712
[T ISSN: 2320-0227

The Uniqueness of Stationary Solution for Nonlinear
Random Reaction-diffusion Equation

Sofije Hoxha' and Fejzi Kolaneci'

1University of Fan S. Noli, Albania.
Authors’ contributions

This work was carried out in collaboration between both authors. Author SH designed the study,
performed the statistical analysis, wrote the protocol and wrote the first draft of the manuscript. Author
SH managed the analyses of the study. Author FK managed the literature searches. Both authors
read and approved the final manuscript.

Article Information

DOI: 10.9734/JSRR/2020/v26i930313

Editor(s):

(1) Dr. Farzaneh Mohamadpour, University of Sistan and Baluchestan, Iran.
Reviewers:

(1) loana Stanciu, University of Bucharest, Romania.

(2) Srinivas Basamgairri, India.

(3) Oluwafemi, Temidayo Joseph, Newgate College of Health Technology, Nigeria.
Complete Peer review History: http://www.sdiarticle4.com/review-history/62712

Received 18 September 2020
Accepted 22 November 2020
Published 16 December 2020

Original Research Article

ABSTRACT

We study a nonlinear random reaction-diffusion problem in abstract Banach spaces, driven by a
real noise, with random diffusion coefficient and random initial condition. We consider a polynomial
non linear term. The reaction-diffusion equation belongs to the class of parabolic stochastic partial
differential equations. We assume that the initial condition is an element of Hilbert space. The real
noise is a Wiener process. We construct a suitable stochastic basis and define the solution of
reaction-diffusion problem in the weak sense. We define the stationary process in abstract Banach
spaces in the strong sense of Doob-Rozanov. That is, the probability density function of the
stochastic process is independent of time shift. We define the invariant measure for random
reaction-diffusion equation in the sense of Arnold, DaPrato, and Zabczyk [1,2]. In other words, we
define the invariant measure for random dynamical system, associated with random reaction-
diffusion problem.

Using the Variation Inequalities Theory, we prove the uniqueness of stationary solution for
nonlinear random reaction-diffusion problem. The obtained theoretical results have several
applications in Quantum Physics, Biology, Medicine, and Economic Sciences. Especially, we can
study the existence of stationary solution for the stochastic models of tumor growth.
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1. INTRODUCTION

Random reaction-diffusion equations form an
important part of the theory of random partial
differential equations that is both very rich
changelings mathematically and is related in
physics, chemistry, biology, medicine,
astronomy, and Economic Sciences. To be
specific, in this paper we consider a random
reaction-diffusion equation with a polynomial
nonlinearity. Of course, we can consider more
general mathematical models. For example, we
can investigate the random nerve equations,
random Lotka- Volterra equations, random
Boussinesg- Glover  equations, random
superfluid  equations, random  Belousov-
Zhabotinsky reaction equations in chemical
dynamics, etc.

Let (Q, F, (F)s0, P) be a stochastic basis, and let
w(t) = (wy (), wy(t), ... ... ,wp,,(t)) be a standard
m-dimensional Wiener process defined on
(Q,F, (Fis0, P). Let £(t) be a stationary solution
of the Ito equation in R¥

dé(t) = a&(t)dt + b&(t)dw(t), t =0, (1)

where a(-) and b(:) satisfy the assumptions of
section 2.1 below. We look at the process
(QF, (F)s0, P, (§(1))=0) @s a model of real noise,
stationary in time. Having assumed that the noise
process is given, we consider the random
nonlinear evolution equation in Hilbert spaces
driven by the real noise &(t) :

du(t,w)

LD pa(ft oL ut o) =f(Etw).t=
0, weQ, (2)

Where {4(¢,-),€ € R*} is a family of monotone
operators in a Gelfand tripletc H c V',

and f is a function from R¥toV' (see
section 2.2.1 for detailed assumptions on A
and f). The aim of this paper is to prove the
existence of a stationary solution of equation (2).
Note that this equation does not contain Ito
differential.

In the last few years a lot of papers appeared on
invariant measures and stationary solutions for
Ito type equations in Hilbert spaces. The case of
real noise is not treated. In comparison with the
existing literature, we mention two aspects of this
paper.

The first one is that we want to consider the real
noise é(t) as a given Markov process,
stationary in time. Corresponding to this
processé(t), we would find a stationary solution
of equation (2). This fact motivates some
technical details of the following analysis, like the
choice of a special stochastic basis (see section
3.1) and Theorem 3.1, which are novel with
respect to the literature conceding with Ito
equations.

The second point is that we shall not assume any
compactness. At our knowledge, all the methods
know in the literature to prove the existence of
invariant measures or stationary solutions use
some compactness, coming from the topologies
of the function spaces involved. It is well-know
that the structure of the monotonicity allows to
prove existence of solutions without any
compactness assumption.

At the end of the paper we give some
applications, which contributed to motivate our
analysis.

2. EXISTENCE OF A STATIONARY
SOLUTION

2.1 Definition of Stationary Solution

We introduce now the stochastic basis necessary
for the sequel. Let us choose an invariant
measure m, for equation dé(t) = a(é(t))dt +
b(£(t))dw(t), t=0 with finite moments of
every order, or at least with finite moment of
order r, with r given by assumption (A.4) there
are a function p:R*¥ - [0,) and constants
p=2 A€ER, a>0,7=0,C, >0, such that for
every £ ER¥,uevV,

2 (AGw,u) + Aul?p(§) = allullP,
P(&) < Cp(1 + [€] ).

and

Let (Q% F°, (F?),s0, P°) be any stochastic basis
supporting a m-dimensional standard Wiener
process w(t). Let

Q =Rk x[0,1] x Q% F = B(R*)®B(0,1)QF°,
F. = B(R¥)®B(0,1) ® F? ,P = my®A®P° (3)

where B stands for the Borel 0 —algebra , and 1
is the Lebesgue measure on [0,1].

104



Hoxha and Kolaneci; JSRR, 26(9): 103-110, 2020; Article no.JSRR.62712

Consider w(t) as a Brownian motion on the new
stochastic basis (Q, F, (Ft)¢s0, P)-

In other words, define

w(t,x,y, 0% =w(t, o), x €RF,
ye[01], w®eQ’

then denote w(t) simply by w(t).
Let & : Q - R¥ be defined as
&y, w®) =x, x €R¥,ye[0,1], w® € Q’ (4)

Then law of &, is m,. By the assumption of the r-
th moment of m,, we have §, € L' (Q,F,, P,R¥).
Since m, is an invariant measure, and equation
(3) defines a Markov process, the solutioné(t) of
equation d&(t) = a(&(t))dt + b(E(@®))dw(t), t=
0, with the initial condition & is a stationary
process. We have used the componentR* of the
stochastic basis to construct &, and the
stationary solution £(t). The component [0,1] of
the stochastic basis will be used to construct
suitable initial conditions for the Galerkin
approximations of the monotone equation
(equation with monotone operator). Given the
stochastic basis and the stationary
process u(t,w) just defined , we say that a
stochastic process £(t in the sense of the
previous subsection, with respect to some initial
condition u, satisfying (10), and in addition uis a
stationary process in H. This means that for all
neEN, 0<t; <t, < <t,andh >0, and joint
law of random element

(u(ty + h),u(t, + h), ..., u(t, + h) € H*
is independent of h.

Remark 3. The definiton given above
corresponds to the viewpoint that the noise is a
given process. So, in a sence, we look for a form
of strong solutions, instead of weak solutions.
However, we choose a suitable stochastic basis
from the beginning so that our concept is in
betweens from weak and strong solutions, see
[3,4].

A stronger version of the previous would require
that the joint process (£(t),u(t)) is stationary in
R¥ x H. In fact, this is the form of stationarity that
we shall prove.

3. MAIN RESULTS

Call the definition of g .Let p > 0 be a constant
satisfying the (Poincare type) inequality

lv|?> < gllvll?, vvev

Theorem 3.1
Asume conditions:

(A1) for every eV , & > A(é,u) is a strong
measurable mapping from R* to V' ,bounded in
bounded sets,

(A.2) for every £ € R* u,v,z €V, the function

s = (A(¢,v + s 2,u) is continuous on R.

On the stochastic basis (3) consider the random
variable § defined by (4) and the associated
stationary solution &(t) of equation dé(t) =

a(¢@®)dt + b(¢(@®))dw(t), t=0,
Under the hypotheses
(A.1) for every, &-A(&u) is a strong

measurable mapping from R¥ to V', bounded in
bounded sets,

(A.2)forevery § € R* wu,v,z €V ,the function

s = (A(§,v + s ),u) is continuous on R.

(A.3) there is a constant 4, € R such that for
every €ERF ,u,veV

2(AE,u) — A, v),u—v)+ lu—v|? =0,

(A.4) there are a function p:R* - [0,0) and
constants p=2, A€ER a>0,1r=0,C, >0,
such that for every £ e RF,u eV,

2 (AGw,u)+ Aul’p() Z allulP,  and

P(E) < Cp(1 +1E15k)

(A.5) with p as above, there is a constant C, > 0
such that for every € R* ,u €V,

IAG, Wl < Ca(L + [lulP™?)
Finally, let f = f(§):R* - V' be a given strong

measurable function which satisfies the
assumption (f.1) there is constant C; > 0 , such

that for all £ € R*

IF@IP < G+ 1170

Where p' is the conjugate exponent of p (i.e
% + pi. = 1) suppose that 1 < %.
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Then equation dufitt'w)+A($(t,w) , u(tw)=

f(é(t,w)),t =0, w € Q,with the initial condition
u(0,w) =uy(w), we , satisfying uy €
L?(Q,F,, P, H) , has a stationary solution.

Proof

Step 1.Invariant measure for the approximating
problem

For each given natural number n, let as consider

dun(t,w)

T+ An(£(8, @), un(t, ) = fo(E(t @), ¢ =
0, wen (5)

dé(t) = a(é(®))dt + b(E@®))dw(t), t =0 (6)
With initial conditions

§(0,w) = &p(w) (7)

u, (0, w) = upgy(w),

on the stochastic basis (3). In (7) choose as &,
the random variable &, defined by (4). Moreover,
chooseu,,, = 0 for all n.

Corresponding to these initial conditions, let
(u, (), £(t) ) be the solution of (5)-(6). Denote by
uf the law of
(u, (), &(t) o nH x R¥ andby pI the law o nH x
R¥ defined as

pr == ukds (8)

Both u and pI' have marginal m, onR*. The
family{u , t = 0}is tight. To prove this, in the
inequality

| (t, )2 < e ugn(@)I? + [, €7 - [a —
e+ (CrC(e) + C)(A + [E(9)p)] - ds, for all
neN,t>0,P—aewe (9)

take € > 0 so small that y < 0. Note that

is constant.

E|E(s) |\

Hence

t - r
sup E f SV E=1CHE® [ | s < o
t>0 0

we obtain
VneN , VvVt=>0

Elu, (D1 < Gy, (10)

for some constant C; > 0 indenpendent of n and
t. The bound (10), along with the uniform bound

for E|£(s) |\, imply by Chebishev that the

family of measures {u* , t > 0} is tight. In fact the
family

{ut , t = 0,n € N} is tight, but it Isere not easy to
use this additional information for a more direct
proof of the Theorem.

Since we have proved that the family {u7, t >
0}is tight, the family{p{* , t = 0} is also tight. By
Prohorov theorem, applied for every given n,
there exists a probability measure u* on H x R¥
that is weak limit of some sequence
{p¢;}jen-Clearly, u"has marginal m, on Rk,

By a classical argument (see [5]) and based on
the Markov and Feller property for system
(13),(14) we can prove that y™ is an invariant
measure for this system. We have used the
Krylov-Bogoliubov method, except that we have
stressed the fact that all measures u™ have the
same marginal m,.

Finally, we notice that there exists a constant C,
independent of n, such that

Jyre (R + 1X1)dp™ (R, x) < €, , VREN (1)

To prove this inequality, let {6;(h,x)};ey be a
sequence of continuous bounded function
(h,x) € H X R¥, which converges as i —» =, from
below, to the function

(h,x) = |h|?> + |x|?> defined on H x R¥

We have

f 0;(h,x)du™((h,x)) = lim 6;(h, x)dpf5((h,x))
HxRK -

~ [ B+ BE) o <.

for some constant C, independent of n and j
(this follows from (10) and the proposition that

E(|é(s) |}2?k is constant)

Summarizing, we prove that there exists an
invariant probability measure u™ for the system
(14)-(15), with marginal m, on R* | satisfying the
inequality (4).

Step 2. Stationary solutions for the approximating
system
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Again, we consider the system (5)-(6) for each
given n separately. On the stochastic basis (3)
(in fact, it is sufficient to use the component
R¥ x [0,1] of the basis), for each n there exists an
F, measurable random variable i,, such that
& iy,) has joint law u™. This follows from
Proposition 3.1 below:in the assumptions of the
Proposition we take u=u"™ .Then, the
Propositions gives the random variables  and
¢, and we denote by i,,, so that ¢ =
(o, o) (recall definition (4) of &)

By the Markov property, the solution (£(t), i, (t))
of the system corresponding to the initial
condition (%, f,,) is a stationary process in
Rk x H

Finally, we have

E(|aonl’) <E(0) <C;, vnen — (12)

Step 3. Limiting procedure

Let as now study the convergence, asn — «, of
the interval [0,T]. Let as apply part (iii) of Lemma
2.1 with initial conditions (%,, @,,) found in the
previous step. Therefore, there is a subsequence
iy, (t), still denoted by #,(t) for simplicity of
notation, such that

i, (t) - @t weakly in LF (Q x [0, T]; V)
1, (t) - i weak-star in L2(Q; L (0, T; H))
An(é,2y) - Ay (&1 ) weakly in LP (Q x [0, T]; V')

din(t) _ da()
at  de

weakly in LP'(Q x[0,T]; V")
1,(0) - u, weakly in L2(Q; H)
1, (T) — 4(T) weakly in L2(Q; H)
Using conditions (A.2)-(A.4) and the classical
monotonicity argument of [6] or [5]. A fortiori we
can prove that
@ € L2(Q,C([0,TT; H)) n L (Q x [0, T]; V)
by classical arguments. The continuity of paths
can be proved path by path, using the
deterministic technique as in [7].

By a diagonal procedure, the construction of the
weakly convergent subsequence can be

performed in such a way that the subsequence
converges over each interval [0,T] to the same
limiting process u.

In order to prove the stationary of the solutionii =
i(t, w) we need (19) and the proposition

1, — 1 weak-star in L?(Q,L”(0,T; H))

P, = law @, in L2(Q, L7 (0, T; H))
P = law @ in L2(Q, L*(0,T; H))

then (by Prohorov Theorem) there exists a
subsequence {P,, }of the sequence P, such that
P,, = P ask — « (in the weak sense). The proof
is complete.

Let R¥,[0,1], and H be endowed with Borel o-
algebras, and let A be the Lebesgue measure on
[0,1]. The next Proposition 3.1, used above in
Step 3 deals with random variables from
R¥ x [0,1], to R* x H. It is assumed to have the
product measure my®A2 on R* x [0,1],. Given a
measure ponR* x H , we can always find a
random variable.

¢ > R*x [01] > R¥x H

such that ¢p(my®4 )= u. The Proposition 3.1
assert that, if u has marginalm, o nR* one cane
choose ¢ as a special form. The proof is adapted
from Skorohod Representation Theorem (see [8],
pp- 9-10 and [9])

Proposition 3.1 Given the spaces R¥,[0,1], and H
be endowend with Borel o- algebras, given a
measure m, o nR¥, the Lebesgue measure A on
[0,1], and a measure u on R¥ x H with marginal
m, 0 nR*. Then, there exists a random variable.

PY:R¥x[0,1] > H
such that, denoted by

¢:R¥ x [0,1] > R¥ x H

the mapping

o(x,y) = (x,¥(x,y)), x€ RY, ye [01]
we have

P (moe®21 )= p.
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3.1 Sum of Monotone Operators

It is useful to generalize Theorem 3.1 in the case
of finite sum of monotone operators. For each
i=1,2,..,vwe assume to have a real reflexive
separable Banach space V; c H (norm [|||; ,
densely embedded into H, with the usual
identification.

V,cHcV,

Moreover, we assume to have a family of
nonlinear operators from V; to V;', denoted by
A;(§,), £ € R, satisfying assumptions (A.1)—
(A.5) with constants Ao, p;, 4;, a;, 77, C,, C4, pOSSibly
depending on i. Finally, we assume to have
strongly measurable functions.

fi = fi(©):R* -V,
statisfyng assumption (f.1)
We consider the random evolution equation

OO 1 ym, 4 (4 w), u(t, w)) =

Lifi(ftw), t20 wen

(13)

where £(t, w), denotes the solution of equation
dé(t) = aé(t)dt + bé(t)dw(t), t =0, defined in
section 3.1, on the stochastic basis (Q,F, F;, P)
given by (3). The definition of the stationary
solution is the same as the one given in section
3.1. Let B; >0 be a constant satisfying the
inequality

|x]? < BillxlI? , vx €V i=12..,v

Theorem 3.2 Assume that

v

Ya-Z<o

i=1

Then the equation (32)(6) has a stationary
solution. The proof in the same as the one of
Theorem 3.1

4 APPLICATIONS IN NON-LINEAR
RANDOM REACTION - DIFFUSION
EQUATION WITH REAL NOISE

In this section study the random reaction-
diffusion equation with polynomial nonlinearity

ou 2p-1
— =cAu— Zhio ap (x, $u”

o (14)

x€DcR® t>0, p€eN, where D denotes an
open bounded set of R®. The associated initial
and boundary conditions are

u(0,x, w) = uy(x, ) (15)

And

u(t,x,w) =0, x€aD (16)
Assume that the diffusion coefficient ¢ = c(¢) is
no negative, bounded, measurable in ¢, and

independent on x.

Assume that the random function a,(x,§), are
measurable in (x,§) and there are the real
constant ¢, < C, and positive constants
Cap—1 < Cp—q suUch that

cp<ap(x,&) <C, forl<h
<2p-—-1landforeach(x,§)
€D x R¥

On the random function a,(x,¢) we may impose
the conditions:

x - ay(x,&) is measurable in ¢ ,belongs to
H~Y(D) , and satisfies the condition:

lao (x, f)lH‘l(D) <C(1+ |f|£k)
for some positive constants C and r

Assume that the initial
satisfies u, € L>(Q,F,, P, H)

conditions  uy(x, w)

Thanks to the previous assumptions and Young
inequality, there is constant ¢ > 0 such that

2p—-1

1
(Z ap(x, OuMu = ECZp—ﬂin -C
h=0

For the abstract formulation of the problem

(33)(7), (34)(8), (35)(9), let H =I2(D), V=
Hg (D)
V'=H(D), A(Eu) =

2p—-1
oo an(x, Oul

f(&) = —aog (x,%),

The proof of the conditions (A.1)-(A.5) and (f.1) is
classical. As to the disiparivity condition, we have
]/=0,6=0 ,a=1/2C2p_1

Thus, we can apply Theorem 3.1 and obtain.
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Theorem 4.1

Under the previous assumptions, the nonlinear
random reaction diffusion problem (14), (15), (16)
ad mints an unique stationary solution.

Corollary 4.1

Under the suitable assumptions, we can prove a
similar result for the random Hodgkin-Huxley
equations, Fitz —-Hugh-Nagumo equations, Lotka-
Voltera equations, Boussinesq —Glover equation,
heat equation, Belousov- Zhabotinsky equations
in chemical dynamics. For more details regarding
to the random versions of above mentioned
equations, see Chung [10], Cordoca and Bras
[11], Flandoli and Kolaneci [9], Freeze [12],
Kolaneci [13], Kutler [14], Murray [15], Sagar [4],
Stengel [16] and [17-20].

5. CONCLUSION

In this paper we investigate uniqueness of
stationary solution for nonlinear random reaction-
diffusion equation in Banach spaces, driven by a
real noise. We assume that diffusion coefficient
is a random variable and the initial condition is a
random function. The real noise process is
defined as a stationary solution of ito stochastic
differential equation in finite dimensional
Euclidian space or Hilbert space. To be specific,
we consider a random reaction — diffusion
equation with a polynomial nonlinearity. Of

course, we can investigate more general
mathematical models, and suggest several
applications, especially Boussinesq -Glover
equation.
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