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Abstract: In this paper, we investigate the nonlinear dynamics for an attraction-repulsion chemotaxis
Keller-Segel model with logistic source term

ury = dAuq — xV(u1Vuo) + EV(u1Vus) +g(u),x € T, t > 0,
Uy = dpAuy + auq — Buy, x € Td,t >0,

uzs = d3Auz + yuy — quz, x € Td,t > 0,

=92 = =0,y =0m1<i<d,

u(x,0) = ugg(x), ua(x,0) = un(x), uz(x,0) = uzp(x),x € T(d = 1,2,3).

Under the assumptions of the unequal diffusion coefficients, the conditions of chemotaxis-driven instability
are given in a d-dimensional box T¢ = (0,77)%(d = 1,2,3). It is proved that in the condition of the unique
positive constant equilibrium point w. = (uy, uy, u3.) of above model is nonlinearly unstable. Moreover,
our results provide a quantitative characterization for the early-stage pattern formation in the model.

Keywords: Attraction-repolsion chemotaxis, logistic source, pattern formation, nonlinear instability.
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1. Introduction

m n this paper , we deal with attraction-repolsion chemotaxis system

uyy = d1Aug — xV(u1Vuy) + V(11 Vug) + gu), xe T t>0,
Uy = dpAuy + aug — Buy, xeTt>0,
uzs = d3Auz + yuy — nus, xeTt>0, 1)

aul 8112 8u3 .
= = = 0, | — O/ ’ 1 S S d’
axi axi axi *i & !

uy(x,0) = ugg(x), ua(x,0) = uo(x), uz(x,0) = uzp(x), x € Td =1,2,3).

in a d-dimensional box T = (0,7)%d = 1,2,3) is a bounded domain with smooth boundary
o, B, 1, x ¢ B, v.n > 0. In the model (1) u3, up and uz represent the cell density, the concentration of the
chemoattractant (attractive signal) and the concentration of the chemorepellent (repulsive signal) respectively,
g(u) is logistic source. The classical Keller-Segel system can be obtained by setting d; = 1, (i = 1,2,3),¢ =
0,u3 = 0,g(u) = 01in (1) which models the mechanism of chemotaxis and has been extensively studied since
1970, we refer to [1-4] and the references therein. Apart form the aforementioned system a source of logistic
type is included in (1) to describe the spontaneous growth of cells. The effect of preventing ultimate growth
has been widely studied.
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Chemotaxis is a chemosensitive movement of species which may detect and respond to chemical
substances in the environment. The first model about chemotaxis was proposed by Keller and Segel [5]

;:Au)(v(qu), x €, 2
2

v

g—Av—zH—u, x €,

which describes the aggregation process of the slime mold formation in Dictyostelium Discoidium, where v
denotes the chemical concentration and u is the concentration of species. For this system, there have been
abundant results. Osaki and Yagi [6] found that when n = 1, all the solutions are global and bounded. When
n > 2, blow-up may happen (see Horstmann and Wang [7]; Herrero et al., [8]; Winkler et al., [9]). A detailed
introduction into the mathematic of the Keller-Segel model for chemotaxis is presented in Horstmann [1,10,11].

In the study of chemotaxis-diffusion-growth models, the pattern dynamics is another mathematically
challenging and physically important research project (see Tello and Winkler [12], Aida and Yagi [13], Kurata
et al., [14], Painter and Hillen [15], Okuda and Osaki [16], Kuto et al., [17] and Banerjee et al., [18]. Guo and
Hwang [19] investigated nonlinear dynamics near an unstable constant equilibrium in the classical Keller-Segel
model. Their result can be interpreted as a rigorous mathematical characterization for pattern formation in the
Keller-Segel model. By using the similar method, Fu and Liu [20] proved that the linear unstable positive
constant equilibrium in the Keller-Segel model with a logistic source is also unstable in the full nonlinear
sense. The emergence of patterns is a phenomenon frequently observed in the physical world [21].

Many authors have investigated the formation of patterns by using self-diffusive reaction-diffusion
models [21-25]. Recently, some researchers made attempts to discover the effect of cross-diffusion on the
pattern formation, and found that with appropriate cross-diffusion coefcients, linear reaction terms are
sufficient to produce pattern formation [26-28], but there is only few attention having been paid to this
direction. Therefore, based on the model (1): First, we analyse criteria of linear stability and instability of
the positive constant equilibrium w, (see Theorem 1). Second, by applying the higher-order energy estimates,
the embedding theorem and the Guo-Strauss’ bootstrap technique (see Guo and Strauss [29]), it is proved that
for given any general perturbation of magnitude J, its nonlinear evolution is dominated by the corresponding
linear dynamics along a fixed finite number of fastest growing modes, over a time period of In % (see Theorem
2). We assert further that the positive constant equilibrium point w, is nonlinearly unstable in the above
conditions (Corollary 1). Each initial perturbation certainly can behave drastically differently from another,
which gives rise to the richness of patterns. Our results provide a quantitative characterization for the
nonlinear evolution of early-stage spatiotemporal pattern formation in the model (1).

The organization of this paper is as follows: in Section 2, we first prove Turing instability does not take
place in the absence of chemotactic effect. Second, we give linear stability and instability criterions for the
model (1), and discuss some properties of solutions for the corresponding linearized system. In Section 3, we
consider the growing modes of (1), and prove the Bootstrap lemma. In Section 4, quantitative characterization
for pattern formation and proof of nonlinear instability are given.

2. Linear stability and instability criterions

In this section, we study in detail linear Stability,linear instability of positive constant equilibrium point
we = (1, %, %) to the model (1) in a d-dimensional box Q = T¢ = (0, 7)4(d = 1,2,3), and g(u) = puy(1 — uy).
2.1. Stability of positive constant equilibrium point for (1) without chemotaxis

We consider the stability of w, for the corresponding system (1) without chemotaxis

ult:dlAulerul(l—ul), XGTd,t>0,

Uy = doAuy + aug — Buy, X € Td,t >0,

ugy = d3Auz + yuy — nus, xe T t>0, (3)
du; dup  duz .

— ===, =0,m,1<i<d,

axi axi axi *i & !

u1(x,0) = ugg(x), uz(x,0) = uso(x), uz(x,0) = uzg(x), x € Td=1,2,3).
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For sake convenience, take w(x, t) = (Uy(x,t), Ua(x,t), Us(x,t))T and

g1(w) pug (1 —uy)
G(w) = | g(w) = auy — Puy ,
g3(w)) U1 — 1u3)
then
—-u 0 0
G, B
%|wc = Gu(wc) = « =B 0
v 0 -7

Lemma 1. The positive equilibrium point w of (3) is locally asymptotically stable.

Proof. Let 0 = k; < kp < k3 < - - - be the eigenvalues of the operator —A on T¢ with the homogeneous

Neumann boundary condition, and E(k;) be the eigenspace corresponding to k; in H!(T¢). Let X = [H'(T*)}?

and Xj; = {c- ¢jjlc € R3}, where {$ij,j =1,---,dim E(k;) } is an orthonormal basis of E(k;). Then X = &, X;,
dim E(p;)

X,‘ - @jzl X1]

Let D = diag(dy, dy, d3). The linearization of (3) at w, is
Wi = (DA + Gy (We)) w.

For each i > 1, X; is invariant under the operator DA + Gy (wW¢), and A is an eigenvalue of this operator
on X; if and only if it is an eigenvalue of the matrix —k;D + Gw(W¢). The characteristic polynomial of —k;D +
Gw(w,) is given by

A+kidi +p 0 0
det(Al — (—k;D + Gw(w¢))) = - A+kidy + B 0 =0
—y 0 A+kids+1
implies ¥(A) = (A + kidy + ) (A + kido + B) (A + kids + 1) = 0, then Ay = —(kjdy + u), Ay = —(kjd2 + B) and
Az = —(k;jdz + 7). So all the eigenvalues are negative, hence w is locally asymptotically stable, this complete
the proof. O

2.2. Criteria of linear stability and instability

Let iy (x, ) = uy(x, £) — uqe, fp(x, 1) = up(x, 1) — upe, tiz(x,t) = uz(x,t) — us. be nonlinear evolution of a
perturbation around (u1c, U, uze) = (1, %, %), and omitting the symbol “ A ”, then we rewrite (3) with

uyy = dAuy — xAup + EAuz — XV (u1 V) + EV (ug Vuz) — puy (1 +up), x € T¢

Uy = dpAup + auq — By, xe T, t>0,

uz; = daAuz + yuy — nus, x €T t>0, @)
Ju; Jdup  duj ,

axi axi axi 0, Xi Omlsisd
up(x,0) = uyo(x), ua(x,0) = uz(x), uz(x,0) = uzp(x), x € T%(d = 1,2,3).

The corresponding linearized system can be written as

uyy = d1Auy — xAuy + Auz — puq, xe T t>0,

Uy = doAuy + aug — Buy, X € Td,t >0,

ugy = d3Auz + yuy — nus, xeTdt>0, (5)
du; dup  duz .

Bxi axi axi 0, Xi Oml<isd,

u1(x,0) = uig(x), uz(x,0) = usg(x), uz(x,0) = uzg(x), x € Td=1,2,3).
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d
Let w(x,t) = (u1(xt),ua(xt),u3(x,t))T, @ = (q1,...,94) € N and eq(x) = TI]cos(g;x;). Then
i=1
{eq(x)} qend forms a basis of the space of functions in T¢ that satisfy the homogeneous Neumann boundary

condition. We try to find a normal mode to the linearized system (5) of the following form
w(x, t) = rqe/\qteq(x), (6)

where rq is a vector depending on q. Substituting (6) into (5), we have

—di?—p X7 —&?
Aqlq = « —dyg* — B 0 rq := Lgrg,
v 0 —dsq* 1]

d
where g2 = |q|? = '21 q?. Then the corresponding characteristic equation of Ly is
1=

P(Aq) =AY+ BoAZ + BiAg + By =0, @)
where
By = (dy +da+d3)q* + (u+B+17) :=Cng*+Cn,
By = (dydy + dyds + dad3)q* + [(da + ds) + B(dy +d3) +n(dy +do) — ax @®
—819% + (4B + uy + By) := C1q* + C129” + Ci3,
By := Co19® + Coag* + Co3q” + Coa
and
Co1 := dydads,
Cop := Bdyds + ndids + udads — axds — vids, ©)

Cos := Bdydy + ndyds + pdads — nay — Bré
C04 = —det(Gw(WC)) = ‘uﬁﬂ

In order to consider instability of w., we make the following basic assumptions:

(H;) There exists q € N¥ such that the matrix L, has at least one eigenvalue with positive real part;
(Hp) dy,dp,d3 > 0and d; #4d;,i # j,i,j=1,2,3.

It is know that a first necessary condition for Turing instability to happen is that d; # d;(i # j), implying that
U1, up and uz must move with different diffusion constants.

For every A1(q), A2(q), A3(q) be the solutions of det(AqI — L) = 0. It will be state by Lemma 3 that there
exist finitely many values q € N such that

max {ReA1(q),ReAy(q),ReAs(q)} > 0.
Hence there exists one g2 having the largest eigenvalue

Amax = max max Re);(4%) > 0. (10)

(H3) Atq = (4, -, 7,;) € N? which attains Amax = ReA;(g), we assume that the Jordan canonical form of the
d
matrix Ly = Gw(we) + Q(ﬁz) is | = diag(A1(g),A2(9), A3(q)), where qz =Y ﬁiz and
i=1

Q7% := 0 —dg* 0
0 0  —dsg?
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Let us carry on discussion on the characteristic equation (7). Denote

and

where

Qs
Qs

Q1 =

Q =

A= B% - 3Bl,B = BzBl - 930,C = B% - 33230

A = B*-4AC=3 {41?% +4B3By +27B% — B3R — 18323130}
= Qeq" + Q50" + Qug® + Q3q° + Qoq* + Qug” + Qu,

- 3 {4(:%1(:01 + 27C01 —_ C§1C%1 — 18C21 C11C01} ’

= 6 {27C01C02 +2C5,Cop + 6C3,C22Co1 — C5,C11C12 — C1C3Con
—9C21C11Cp2 — 9C21C12Co1 — 9C2C11Co1 },

3 {27(?02 4 54C; Cos + 4C3,Coz 4 12C3, CopCop + 12C1 C3,Cop + 4C3,
—C3,C}, — 2C11C13C3; — 4C21 C2nC11Coz — C3,C3 — 18C21C11Cos
—18C21C12Co2 — 18Co1C13C01 — 18C22C11C02 — 18C22C12C01 }

6 {27C01C04 +27Co2Cos + 2C3, Cog + 12C3,Co1 + 6C31C22Co3
+6C21C5,Coz + 4C11C1p — C3C12C13 — C1CoCTy — 2C21C2Cr1 Ci
—C5,C11C12 — 9C21C11Cos — 9C21C12C03 — 9C21C13C02

—9C2C11Co3 — 9C22C12C02 — 9C22C13C01 }

3 {27(:03 + 54C02Cos + 4C3,Cop + 12C3, CanCos + 4CF, + 12C21C3,Cos
+8C11C13 — C3,Cly — 4Cy1CopC12C13 — C3,C3, — 2C3,C11C13 — 18C1 C12Cos
—18C21C13C03 — 18C22C11Cos — 18C22C13C0 — 18C22C12C03 1,

6 {27C03C04 +2C3,Co3 + 6C21C3,Cos + 4C12C13 — Co1C2Cis — C12C13C5,
—9C21C13C04 — 9C202C12Co4 — 9C22C13C03 },

3 {4C3Cou +4C}, +27C3, — C3yCh — 18CoCisCou }

The derivative of (Aq) is ' (Aq) = 3A% + 2ByAq + By. Obviously, equation ¢'(Aq) = 0 has two roots as

follows

. 1 _ - —
AL(qQ)Z = 3<Bzi,/B§331>
1

= [—(Czlqz +Cp £ \/(C§1 —3C11)g9* 4 (2C21Cap — 3C12)q2 + (C3, — 3C13)]

Next, let us give

3

1
3

= = [_(CZMZ +Cp) & \/(CZWZ +C2)? = 3(Cr1g* + Ciog® + C13)] : (11)

one result concerning the cubic equation in Hu et al., [30] (which was first introduced in

Fan [31]), which is used to discuss the linear stability and instability of positive constant equilibrium solution

for the model (1).

Lemma 2. Let equatio

nx3+bx2+cx+d =0, whereb,c,d € R. Let further A = b2 —3¢,B = bc—9d4,C =

¢ —3bd and A = B> — 4AC. Then the equation has three real roots if and only if A < 0; the equation has one

real root and a pair of
—2b+Y] P+,
- +

1/3 1/3
iﬁ(yl 671/2

conjugate complex roots if and only if A > 0. Furthermore, the conjugate complex roots are

_ /B2 _
), where Y1, = bA + w.
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According to Lemma 2, on the one hand, if A < 0, then (7) has three real roots A1(q), A2(q), A3(q), and
denote A1(q) < A2(q) < A3(q). From this, we further infer that A],(q) also are real. Moreover, recall that
By = —(A1(q) + A2(q) + A3(q)) > 0, it means that (7) has at least one eigenvalue with negative real part. On
the other hand, if A > 0, then Equation (7) has one real root A1(q) and a pair of conjugate complex roots

_ 1/3 1/3
2B YA VB (Y-
A23(q) = 3 +i G

with
3 (—B + m)

Yi» =BA .
12 2A + 5

Notice by the Routh-Hurwitz criterion that q = 0, in the case of C2Cy3 > Cpq, then (8) has three negative
roots. So we consider the case q # 0 in the sequel.
In this section, our first main purpose is to give criteria for linear stability and instability of w,.

Theorem 1. (Linear stability and instability). Let w, be positive constant equilibrium solution of (1). Assume that
A1, Ay and A3 are three roots of (A) = A3+ BoA? + ByA + By = 0, and that A§ and A} are two roots of ' (A) =
3A2 +2ByA + By = 0, then we have the following conclusions:

(1) If one of the following conditions holds, then w is linearly stable.

(Hs1) A <0,By>0and A] < A} <O.
(Hsp) A > 0, By > 0 and the conjugate complex roots Ay, A3 satisfy ReAy < 0, ReAz < 0.

(2) If one of the following conditions holds, then w is linearly unstable.

(Hy1) A <0, and one of the following conditions holds:
(Hyj11) Bo > Oand /\2 > Al > 0.
(Hu12) 30 > 0and )\% >0> A%
(HU13) 50 < 0and )\% >0 > }\1.
(Hyg) Bo < 0and AT < A} <O0.
(Hyp) A > 0, and one of the following conditions holds:
(Hyp1) By > 0and the conjugate complex roots Ay, A3 satisfy ReA; > 0, ReAs > 0.
(Hyo) By < 0and the conjugate complex roots Ay, Az satisfy ReAy < 0, ReAsz < 0.

Here A = B> —4AC, A := B3 — 3By, B := BBy — 9By, C := B? — 3B, By, in particular, By = 9(0) =
Ao,

Proof. Let A < 0. By Lemma 2, the equation (A1) = A3 + ByA% 4 ByA + By = 0 has three real roots A1, Ay and
A3z and assume Ay < Ap < A3. Moreover, the equation (1) = 3A2 4+ 2B,A + By = 0 has also two real roots Al
and A5 with A} < A7, and

P'(A) > 0,VA € (—o0,AT) U (A}, +00),
P'(A) <0,YA € (A],A5).

Therefore,
P(A]) = 0,9(A3) <0

and
A1 € (—o0,AT], Ag € [A], A3], Az € [A, +o0).

Let condition (Hy11) hold. If AT > 0, then A, > 0, A3 > 0. Since (A) is increasing for all A € (—oo, A]]
and 9(0) = By > 0, one has A; < 0. If A; > 0, this contradicts B, > 0. Hence, w, is linearly unstable.

Under the condition (Hy12), if A} < 0, A} > 0, then A < 0. Since 1(A) is decreasing for all A € (A}, A3)
and By > 0, we have A, > 0, A3 > 0. This means that w, is linearly unstable.

Similarly, it is proved that when condition (Hy;3) or (Hy14) holds, eigenvalues A1 < 0, A2 < Oand A3 > 0,
that is, w is linearly unstable.

In the case (Hgp), By monotonicity of (A) for all A € (A}, +o0), it holds Ay < 0, A, < 0and A3 < 0.
Hence, w, is linearly stable.



Open J. Math. Anal. 2020, 3(1), 98-118 104

We now let A > 0. In view of Lemma 2, {(A) = 0 has one real root A; and a pair of conjugate complex
roots Ay, Az. If condition (Hijpp) holds, then it follows from By > 0 that real root A; < 0. Therefore, w, is
linearly unstable based on ReA; > 0, ReAs > 0. Similarly, we can also prove that if condition (Hyjp;) holds,
then w, is linearly unstable. If condition (Hgy) holds, it is easily to obtain that w, is linearly stable. This
completes the proof. [

2.3. Some properties of solutions of the linearized system (5)

Lemma 3. If q € N? and q? sufficiently large, then all eigenvalues of L, have negative real parts.

Proof. Notice that Cp1, Coz, C11, C13, Co1, Cos and B, are all positive, where the parameters are mentioned in
(8) and (9). In addition, By, By, By and B, B; — By are positive if q € N sufficiently large. It is follows from the
Routh-Hurwitz criterion that all eigenvalues of L, have negative real parts for q € N sufficiently large. [

For given q € N9, let A1(q), A2(q), A3(q) be the eigenvalues of L, and the corresponding eigenvectors by
r1(q), r2(q), r3(q). According to eigenvectors, we divide q into the following four cases to analyze:
Casel: q € Nﬁ’n:

L; has three real eigenvalues A1(q), A2(q) and A3(q), and three corresponding linearly independent
eigenvectors r1(q), r2(q) and r3(q). In the case we arrange A1(q) < A2(q) < A3(q).
Case 2: q ¢ N‘fzzz

L; has a single root A1(q) = As(q) and a double root A2(q) = A3(q) = A4(q) (or L, has three repeated
real root As(q) = Ay(q)), meanwhile, there are only two linearly independent real eigenvectors rs(q) and
r;(q). In this case we need find another independent vector r/;(q) satisfying

(L — Aa(q@)Dry(q) = ra(q).

Case 3: q € N?Q:
(7) has a triple eigenvalue A(q) which only corresponding one linearly independent eigenvector r(q). In
this case, we need to supplement another two independent vectors 1’ (q) and r”(q), which satisfy

(Ly — AM@)Dr'(q) = r(q), (Ly — AMq)D)r"(q) = ¥'(q).

Case4: q € N4 = N¥ — (N4, UN4, UN%,):

The characteristic equation (7) has one real root and a pair of conjugate complex roots. The eigenvalues
and the corresponding eigenvectors are denoted by A,(q), ReAc(q) + ilmA.(q), ReAc(q) — ilmA.(q) and r(q),
Rer.(q) +ilmr.(q), Rer.(q) — ilmr.(q), respectively. Notice that Rer.(q) and Imr.(q) are linearly independent
vectors.

Given any initial perturbation w(x, 0), it can be expressed as

w(x,0) = wo(x) =) wqeq(x)
qeN
= ) [wi(q@)ri(q) + w2 (q)r2(q) + w3(q)r3(q)leq(x)

qeNg,

+ Y [wa(q)ra(q) + wy(q)rs(q) + ws(q)rs(q)leq(x)
quR2

+ ) [w(q)r(q) +w'(q)r'(q) + w" (q)r"(q)]eq(x)
qENR3

+ Y [wR¢(q)Rerc(q) + w™(q)Imrc(q) + w,(q)r-(q)]eq(x), (12)
qeNd

where w;(q), ws(q), w}(q), ws(q), w(q), w'(q), w" (q),w*(q), w™(q),w,(q) € R,i=1,2,3 and
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wq = w1(q)11(q) + w2(q)12(q) + w3(q)13(q), q € Ngy,
waq = wi(q)ra(q) + wi(a)ry(q) +ws(q)rs(q), q € N, 13)
w'(q)r'(q) +w"(q)r"(q), q € Nis,

Wq - W(q)r(q)
= w®(q)Rerc(q) + w™(q)Imrc(q) + w,(q)r,(q), q € N

Thus, the unique solution w(x, t) to the linearized system (5) can be written in the following form.

Wit = L {m(q)rl(q)emﬂ + w2(@)r2(a)e>( D" + ws(q)rs(@)e @] eq(x)
q4€8k;
+ quN { [wa(@)ra(a) + wj(a) (xh(@) +xa(@)t)] XV 4+ we(q)rs(q)e™ V' } eq(x)
+q§; [w(@)r(a) +w'(a) (¢(a) +r(@)t) + w"(q) ("(a) + ¥ (a)t +r(q)s?)]
R3 )+ ZN,;/ {{ ) (Rer¢(q) cos[(ImAc(q))t] — Imrc(q) sin[(ImA.(q))t])
q€<

'™ (q) (Rere(q) sin|(ImAc(q))] + Imre(q) cos[(ImAc(q))1])] etRete(@)"

+ w,(@)r(q)e™ D'} eq (x)

= L Taw)e)+ L Tre(wy)(x)+ Y Trea(wg)(xt) + ¥ Te(wg)(x,1)
quﬁ’“ qENfaz qu‘j’B qu‘(”:
= e“wy(x). (14)

Recall that

Amax = max max ReA;(q) > 0,
qud 1<i<3

where A1(q), A2(q), A3(q) are the solutions of (7). Denote

N max = {q € N¥|ReAi(q) = Amax, i = 1,2,3}. (15)
By the assumption (Hj), the largest eigenvalue Amax can be obtained, provided that q belongs to N%, or
d
Ng.
In the sequel, we define
I={il1 <i<3},I; ={ilAi(q) = Amax, 1 <i <3},
and

AR1 = N?Ql N Ndmax/ AC = Nd N Ndmax/
Ac1 = {q c Ac|Re/\c( ) = )\max}

ACZ = {q € AC|)‘7( ) = )\max}

Acz = {q € AC|Re/\ ( ) max, r(CI) = /\max}~

Let e™wy(x) be the dominant part of the solution e**wy(x) of the linearied system (5) and
Mwo(x) = Y Y wilq)ri(q)etmeq(x)
qEARy i€l

+ ; {wRe(q) (Rerc(q) cos[(ImAc(q))t] — Imrc(q) sin[(ImAc(q))t])
q<Ac1

+w'™(q) (Rere(q) sin[(ImAc(q))¢] + Imrc(q) COS[(Im/\c(q))t])] ¢/maxt

+ Y wq)r(q)e*leq(x)
qENC2
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+ 1 { [0 (@) (Rere(q) cos{(mae(@))f] — I (q) sinl (e ()]
qE€AC3

+w'™(q) (Rer(q) sin[(ImA(q))t] + Imr.(q) COS[(Im)\c(Q))fD}
+ w,(q)1r(q) } eAmaXteq(x)- (16)

Since A1(q), A2(q), A3z(q) are the roots of (7), let B;(q) = ;—zAi(q), then 81(q), B2(q), B3(q) are the three
roots of F;(Bq) = det (/Sql L Lq) =0 and

Batditf —X g
Fy(Bq) = det —w Ba+dr+ 5 0
— 0 Batds+h

= B3 +Db2(q)B5 +D1(q)Bq + bo(q)

with
_ 1
by(q) = (dy +dy +d3) + qj(VﬂLﬁJr’?)/
b1(q) = (didy — ax — vE + dids + dads + ax + 73), )
1 1 17
+?[M(d2+d3) +/3(d1 +d3) +1(d1 +da)] + q*(#ﬁ+/577+1“7)/
_ 1
Bo(q) = dydads — axds — 4G + 7 dads + iz + ) + 5 [nda + yda -+ ppd] + iy
Moreover,
lim Ez(q) =dy +dy+ds = by,
g2 00
h;n b1(q) = dydy + dyd3 + dad3 == by, (18)
q o0
hm bo(q) = d1d2d3 = EO-
q — 00

One can define a function F*(Bq) of the form
F*(Bq) = By + D2+ B1Bq + o = (Bq +d1) (Bq + d2) (Bq + da).
It is clear from the assumption (Hy) that the equation F*(B4) = 0 has different negative roots —d;, —d,, —ds.

For g° sufficiently large, it follows from Lemma 3 that Ref;(q) < 0, V1 < i < 3. Thus

0 > ReBi(q) > ZRe,B] = —Reby(q) (19)

and

bi(q) = B1(q)B2(a) + r(a)B3(q) + B2(a)B3(q) > (ImBi(q))*. (20)
For g% large enough, by (18) and (19), we have

0> ReBi(q) > —by—1 > —co. (21)

Again combining (18) and (20) yields for qz sufficiently large

Tmi(q)] < /by +1 < +oo. @)

Applying (21) and (22), for every sequence {q,;} € N, there exists a subsequence of {q,} such that for
1 < i < 3 there exist limits
lim Rep;(qn), ’111_1}010 Imp;(qn).

n—oo
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Hence
Jlim Bi(qn) = pi € C. (23)

Notice by (18) and (23) that

—(B1+ B2+ B3) =by=dy +dyr+ds,
B1B2 + B1B3 + BaBs = by = dydy + drds + dods, (24)
—B1B2B3 = by = d1drds.

This means that {81, B2, B3} is a permutation of {—d;, —da, —d3}. So for every sequence {q,} € N, there
exists a subsequence {qy, } such that

Jim Bian) = Bi

Hence we can assume that
lim Bi(q) = —4d;,V1<i<3,

q2~>oo
or equivalently
lim lz)\,'(q) =—d;, V1 <i<3. (25)

g?—co0

Using the similar arguments of Lemma 4 in Hoang [? ], the following lemma can be derived.

Lemma 4. If q € N? and ¢? sufficiently large, then A1(q), A2(q), A3(q) are real numbers and \;(q) # Aj(q),
i£7i,j=1,23

Proof. It follows from the assumptions (H;) and (25) that ReA;(q) # Re)tj(q),i # j. If there exists a sequence
{qn} € N? such that the sequence A;, (q,) ¢ R, then we can choose a subsequence {1, } of {n} and an integer
j,1 <j < 3such thati,, =j. Hence
. 1
lim T/\](qnm) = _d],

q%m —® qnm
and 1

‘Irzzm —00 Qnm

where A;(qu,, ) is the complex conjugation of A;(qu,, )-

Notice that Al(qnm) € {A2<qnm)//\3(qnm)}/ AZ(qnm) € {Al(qnm)//\:)’(qnm)} and /\3(qnn1) €
{M(qny), A2(qn,, )}, then there exists a subsequence of {ny,}, still denoted by {n,,} and 1 < I < 3,1 # j

such that A;(qu,, ) = A;(qn, ), one can obtain

. 1l — . 1
—dj = lim ——Ai(qn,) = Jim ——Mi(qn,) = —d;,Vm € N,
Gy — 0 q”m G =0 qnm

Sod; = d;and j # I, in contradiction to the assumption (Hy). Therefore, for g% sufficiently large A1(q),
A2(q), A3(q) are real numbers, and we deduce by ReA;(q) # ReA;(q) that A;(q) # Aj(q) whenever i # j,
which completes the proof. [J

3. Growing modes and Bootstrap lemma

3.1. Growing modes in the model (1)

For convenience we will always denote universal positive constants depending on d;, x, ¢, 1, «, B, v, 1
(i=1,2,3) by Cy(k=1,2,- - -). Norm in L2(T¢) is denoted by || - ||.
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Lemma 5. Suppose that (H;)and(Hz3) hold, and w(x,t) = e*'wy(x) is a solution to the linearized system (5)
with initial condition wo(x). Then there exists a constant C; > 0 depending ond;, x, &, , &, B, v, 7 (i = 1,2,3)
such that

lw(, 8] < Cre*m=t|w(-,0)|, vt > 0. (26)

Proof. We will proceed in the following two cases.
Case 1: For t > 0 ,q € N9, 42 sufficiently large. By Lemma 4, for ¢? sufficiently large, the matrix L, has three
distinct eigenvalues A1(q), A2(q), A3(q) and the corresponding linearly independent eigenvectors r1(q), r2(q),
r3(q). We first look for eigenvector r; (q) such that

11(q) = (1,r12(q), r15(q))",

where r15(q), r13(q) are the solutions of the linear system

(—dog® — B—A1(q))r12(q) +0 =
+ (—dag*> — 7 — M(q))r13(q) =

"12(9) = Grrsra@)”

_ b
r13(q) = ({d3q%++M(Q)’

hm rip =0,
q — 00
lim r3 = 0,
g2 —o0
hence
lim 1, = (1,0,0)". 27)
g2—c0
Let 12(q) = (r21(q),1,723(q))%, 13(q) = (r31(q),732(q),1)T be eigenvectors corresponding to the
eigenvalues Ay (q), A3(q), respectively. Then
hm rm(q)g> = X yim m3(q)g> =0,
q —00 (dz — d]) 2~)oo
and c
lim r 2 — lim r 2=0.
Jm 31(q)g” = @) Am, 32(q)q
Therefore
X ! ¢ !
hm I = ———,1,0 hm r =(—-——,0,1) . 28
P00 2(4) ((dz—da) ) P00 () ((dl—ds) ) @9

By (27) and (28), we deduce that there exists a constant C; > 0 such that

|rl(q)‘ < Cllvq €e0,i=1,223. (29)

3
For ¢? sufficiently large, it is follows from (13) that wq = Y w;(q)r;(q). Based on Cramer’s Rule and
i=1
Hadamard inequality, we have

r2(q)| X |r3( )| X |Wq|
~ | det| r1 cg
|w2( )| < ||Eetr X |I'3 q | X |WQ| (30)
1
| ( )| |r1 X |r2 q%| X |Wq|
B |det[r1( ), 12(q), 13(q)] |
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In terms of (27) and (28), one can obtain

lim detfr; (q),r2(q), 13(q)] = 1. (31)
q [ee]
Applying (30) and (31) yields

lwi(q)| < Calwgl,Vq € Q,i=1,2,3, (32)

where C, := max {1, \/ (dzxfdl)2 +1,4/ (d2§d3 )2+ 1} > 0. Then, using (29), (32) and A;(q) < Amax, this shows

that for ¢? sufficiently large there exists a constant C3 > 0 independent of q such that
[wi(@)ri(@)e™ (@ < 1ot w,

which leads to )

o\ d
q)e"Weq(x)|| <9C3 (§> Hmat w2, (33)

Case 2: For t < 1. It is sufficiently to derive standard estimate in L2. From Neumann boundary condition , we
can multiplying the first equation in (6) by u;, the second equation by ku; and the third by u3, adding them
together, and integrating the result in T¢, we have

1d
5t Joo Il Kol + Jus]? }dx+/ {d1|Vu+ 11> + kdo | Vuup |* + d3| Vs | — x (Vur Vi) + §(Viy Vi) pdx
= — / dx kﬁ/ dx 17/ dx+zxk/ uluzdx+fy/ uqusdx.

here k = L%
WREre ¥ = fidydy i

Then the integrand of the second integral can be estimated as follows
| Vu+ 1 4 kdao | Vua|* +da| Vus | = x(Viny Viiz) + ¢ (Vi Vi)
d kd d
> DT+ 2|Vl + 22 Tus? 2 . (34)
Using Young inequality, we deduce that

_V./Td uzdx—kﬁ/ u%dx—;y/w u%dx—i—zxk'/w ulude+'y/Td uyuzdx

ko? 2 kB 2 7 2
< (— _F _ 1
<(—p+ 5z 28 + )| 1| > |us| 2|M3|

klxz Y B ’7 2 2 2
< 41,21 .
< max(—p+ g+ o=y ) [ 1 + Kl + us) e (35)
Then
2 2 ke > By 2 2
341 ol Kl + sy < max(—p-+ 5+ T =80 [ (4Kl + fua )

By Grownwall inequality, we can obtain |w(-,t)|| < Cie*mat||w(-,0)||, where C; = max(—pu + % +

%, —g, 1). This completes the proof. [

3.2. Bootstrap lemma and H?-estimate in the model (1)

Denote
8214 . ou a‘“‘ u

*ikj ox;0x;” ox; oxyt - ox’
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d
where a = (a1, ,a4), |a| = ¥ a;,i,j=1,---,d. Let us introduce
i=1

2
X°d3
k= —2%46 "2 36
didyds + dp&? (36)

By standard theory of parabolic equation, we can establish the existence of local solutions for the model

(4).

Lemma 6. (Local existence). Fors > 1(d = 1) and s > 2(d = 2,3), there exist a Ty > 0 such that the problem
(4) with u1(+,0), uz(-,0),u3(-,0) € H*(T¥) has a unique solution w(-, t) on (0, Ty) which satisfies

W () | s () < ClIW(O) || s (e
where C is a positive constant depending on d;, &, x, «, 8,7, n(i = 1,2,3).

Lemma?7. Let w(x, t) = (u1(x,t),u2(x,t),v(x,t))T be a solution of the nonlinear perturbation system (3). Then

1d
sz ¥ /w {ID%u1 2 + K D*usf? + | D% } dx
|a|=2

d kd
+ Z /Jl‘d {41|V(D”‘u1)|2—0—22|V(D"‘u2)2+
|a|=2

Ek /‘ ® 2 E / 114 2
+5 \ngzz'wm ua[*dx+ 3 |,,£z Td|D uz|dx

3,

5 ]V(D“u3)|2} dx

< Co|| Wl g2y V2w + sl |2,

a2nk+v?

where C and Cy are the generic constants and C3 = ( S )co-

Proof. Let w(x, t) be a solution of (4). It is not hard to verify that if W(x,t) = (#iy(x,t),1i2(x,t),i3(x,t))T is
the even extension of w(x,t) on 2T¢ = (—m,7)%(d = 1,2,3). The W(x, 1) is also the solution of (4) with the
homogeneous Neumann boundary conditions and periodical boundary conditions on 2T*.

Therefore,

1d
2.dt Jor
XV (B i11) - V (B 12) + EV (B ) - V(axixjﬁg)] dx

~ 12 ~ 12 ~ 12
[ i Pax kB [ umiaPx -ty [ [0y Pdx

= o {Xv(axixjﬁl) . axixj (ﬁlVﬁZ) - CV(axixjﬁl) . axix]' (ﬁ1Vﬁ3)} dx

(1ot 4 Kl ta P + [0 a2 x4 [ ]V @iy ko iy 12) 2 + 3|9 (B ) 2
2T ] ] ]

‘HXk /sz axl‘x/-ﬁl . axixjﬁzdx + ’y/ZTd aXinal . axl‘xj‘ﬁde - 2]/‘ A'H‘d |:u1|ax1x]ﬁl|2 + |axll:zl||ax]lzl||axlx]1[1|:| dx
=h+th+l+ (37)

Using Young inequality, we get

kd, 3ds

dq NS
Z?‘V(axixjulﬂ +7 2

|V (O 112) > + 52|V (9, 83) | (38)
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and

The nonlinear term J; is bounded by

no< ox ZTd|V(axxu1)H8xxu1 Vitaldx -+ [ 1@ )10 - V (95, 12)ldx
1V @) 211 -V @)+ [ 9@ 1) 172V (3 )
¢ [ 19 @u 1) 1951 - Vialaix = & [ IV @ity 1 - ¥ (@)l
¢ [ 19 @u 1) 195,71 - (@i ldx = & [ 1V (@ 1) |1V (i)

< XNV | o amay [V iy )| - ([0 | = GV 3| o oy [V (O )] - [ B |

X1 oo a1V O ) 1V (O 82) | = [0 [ oo o0y |V (O ) [V (O 83 |

d d
+2x Y 1V | o ey 10 B2 IV (B 1) | = 28 Y V1] oo ) 10, 83 |V (O 1) -

i=1 i=1

Recalling that the Sobolev imbedding HZ(’]T”I) — L°°(’]I‘d) for d < 3, we have

181l 2mey < Callgll 2 21a)s

18114 2may < C5lI8 |2 (2mes

181l 62mey < Collgl przamey-

Notice that
/ Vﬁldx = / Vﬁzdx = / Vﬁ3dx = O,
Td 274, 2Td
,Z’]Td ax,-xjﬁldx = ,/Z'H‘d ax,-x]-ﬁzdx - ATd axl-xjﬁgdx = 0

Moreover, if ¢ € H(2T) with [,1s g = 0, then

d
Igll < (27) (|8l 12 ore) < CrlIgll e oy < Csl VLA < 3.

It follows from (43) and (44) that

105,81l < Coll V(0 8)l, [[0xx;8 ] < Coll V (9x,x,8)

d

1 >
2
Vgl < Co ( ). IIGXixjg||2> <C§ ( Y. IV(D*g) IIZ) -

ij=12 |a|=2

Together with (40) and (45), we further get
||Vg||L°°(211‘d) < ClOHVg”HZ(zW) < C11||V38HL2(2W)-

Then as a consequence 0f(40) and (45), one can obtain

Y. 1< (x = &)Cul Wl gz I VW%,
|a|=2

where Cyp := C4 + (14 2d)Co.

Applying interpolation, we can deduce that for all ¢ > 0,

ot < (oo e s 1
|| xxMH 0 SH (xx )H 2 )

(39)

(40)

(41)
(42)

(43)

(44)

(45)

(46)

(47)

(48)



Open ]. Math. Anal. 2020, 3(1), 98-118 112

By the choice of € > 0 in (48) such that (”‘zkgﬁt]ﬁ Vz) Coe = d1/4, then

ht)s < ak /2 iy - iz + /2 P D i

o2k + B o Bk Ly -
< T/ZT" |0, 1 dx+7/211‘d |0, 2| dx+§/2w |0, 73 | *dx

dl ~ 2 ‘Bk ~ 12 17 2 062k77+1/2,3 -
< G IVExxa) P+ 5 [ 19xx | dx+§/2w |0, 3 + T Colli % (49)

Then as a consequence 0f(40) ,(41),(42)and (45), one can obtain

Y. Ja < 4puCao||W || 2 oy || VW 2. (50)
|a|=2

Substituting (47), (49)-(50) into (37), we have
1d it 2 o 2 o 2
s ¥ /Td{‘D i 2+ kD% + | D%} dx
|a|=2
"~ (d kd 3d
+ ¥ LA w0 p R0 w0t ax
a2 /T 4 2 2

Bk / a,, 12 n a2
+25 5 [ Dty dx+—2/ D u3
2 a2/ 2 a2 /T
< CZHWHHZ(T”’)HV3WH2 + Gslua 12,

a?ik4o?
8pna?

where €, and Cj are the generic constants and Gy = ( )co.This completes the proof of Lemma 7. [

Lemma 8. Let w(x, t) be a solution to the system (4) such that for0 <t < T,

1 . dy kd, 3d3
W ()l ey < len{4'2'2} (61)
and
lw(-, £)[| < 2Cetma||w(-,0)]]. (52)
Then for0 <t < T,
||w('/t)||%{2('ﬂ‘d) <Gy {HW('/O)H%{Z(Td) + EZAmaXtHW(',O)HZ} , (53)

where Cq = max{(1 + C2)k,4C?[1 + C3(1 + C3)/(2Amax)]} > 1, if k > 1. &4 = max{(1 + C2)/k,4C?[1 +
C3(1+C3)/(2Amaxk)]} > 1,if k < 1.

Proof. It follows from (45) that

IVw(-,H)? < C3 Y [ID*w(, 1) (54)
|o|=2
So
WD)y < W IE+(14+C) X D w(-, )2 5)
|a|=2
By Lemma 7 and (51), we infer
d A A
G T [ {Iptml 4 kDt + Dt} ax < CallnlP+ < w2 56)

|a|=2
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Integrating (57) and using (52), we conclude

,2/ {ID% () + KD, 1)+ D - 1) }

‘OCIZZ max
We first consider the case k > 1. By (57), we have

4C2C,
z ||D“W(~,f)”2 <k 2 ||D“w(-,0)||2+ﬁeu“thW(VO)Hz.

la|=2 la|=2
We see from this estimate and (55) that
W 1) ey < Ca {IWC,0) 2y + ¥ w (-, 0) 2]

C3(1+Cg)
A

max

where C; := max {(1 + C2)k,4C? [1 +
On the other hand, for K < 1, we deduce by (57) that

1 4C3C,
Y ID*w(HIP <z | X IDW(-,0) |2 + 2= mf lw(-,0)|* | .
K /\max

|oe|=2 |a|=2

This estimate, combined with (52) and (55) gives

WD) By < Ca {IWC,0) Bagpy + 2w (-, 0)]12}

14C3

where C; := max { ,4C2 [1 + (H%)} } This completes the proof of Lemma 8. [

4. Main result
Assume 0 be a small fixed constant. For 6 > 0 arbitrary small, we define the escape time T° by
0 = sermaxT’

where Amax is the dominant eigenvalue which is the maximal growth rate (see (10)). Obviously,

1 lng.

T =

/\max

Our main result in this paper is as follows:

4C2C,
<X /d{ID“ul(vO)lz+k|D”‘uz(-,0)|2+\D“u3(~/0)|2}d"+%eZA‘“athlvv(-,O)llz.

(57)

(58)

(59)

(60)

(61)

Theorem 2. Suppose that (H;),(H,)and(Hs) are satisfied. Let wo(x) € H?(T?) with ||wq(x)|| = 1. Then there
exist constants 8y > 0,C > 0,and 8 > 0 depending on d;, x, ¢, u,a, B, 1,7, (i = 1,2,3) such that V0 < § < dy, if
the initial perturbation of the steady state w, is w’(-,0) = dwy, then its nonlinear evolution w°(-, t) satisfies

[w (-, 1) = 8e™ wo (x) | < € {7 + 6| wol 2 g + 0t } gt

<
de

for 0 <
eMw (x

t
)

fined in (16) is the dominant part of the solution of the linearized system (5).

(62)

T%, and p > 0 is the gap between the largest growth rate Amay and the rest of ReA;(q) in (7),
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Proof. Let w’(x, t) be the solutions to (4) with initial data w®(-,0) = dwy. Define

T = sup {t‘ Hw‘s(.,t) — (5e£ton < (;15e)‘maxt} , (63)

1 dy kdr, 3d
wk ) : 1 2 3
T = sup{t‘ Hw (-,t)‘ () < len{4,2,2}}. (64)

From the definition of T* and Lemma 5, for VO < t < T*, we can obtain

34
vaé )H > Cigetent, (65)
Furthermore, by Lemma 8 and the bootstrap argument, we possess

ol

A /\maXt
H2(T) <\ G {5||Wo||H2(Td)+5€ } (66)

Applying Duhamel’s principle, we know that the solution of (4)

wo (-, t) = de“twy — /Ot e“(t=7) {XV(u‘f(T)Vug(T)) + &V (ul(t) Vi (1)) + pul (1) (1 + u{(7)),0, 0} dr.

(67)
It follows from Lemma 5, (40), (44) and Lemma 8 that for 0 < t < min {T‘S, T*, T*},
kuuwﬁmﬂga@/Amfwm(mhmm, (68)
where C5 = max Ci{x + 7( t+ 4+ C + #C1}. By (66) and (68), we see that for t < min {T?, T*, T**},
o A Ollw, 2 d Amaxt
HW(S('J) —5€LtW0H < G1GGs [wol +% setmaxt (69)
)\max )\max
We now prove that if 6y and 0 are chosen such that
1 . Amax dl kd2 3d3
9 AT A 7y o’ 4 7 4 7
< g min { nx &1 My 3 (70)
and dy kdy 3d
. 1 kdp 3as3
\/ C450||W0|\H2(1rd S sEm {4 r 2}/ (71)
as well as ” H2
(50 WO H2
A A (T4) 1
<1 72
45— — 1 (72)

then T? = min {T?, T*, T**} for 6 < Jy.
If T** is the smallest, we can let t = T** < T? in (67). By (70) and (71) we have

i <V v < L5

for ¢ sufficiently small and C4 > 1, in contradiction to the definition of T**. On the other hand, if T* is the
minimum, we can let t = T* in (67), so that

i)

)\max )\max

J|wo|? e
HW‘S(',T*) — 5T w ’ < G1C4Cs { H2(T9) I 0 setmaxT™ %56,
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for sufficiently small ép in (73) and Cs/Cy < 1. This again contradicts the definition of T*. Therefore, the
desired assertion follows. Finally, we prove the inequality (62). Notice by (14) that

Hw‘s(-,t) — 5emton < Hw‘s(.,t) — 5e£ton + ‘ 5

Y. Y wi@ri(q)eteq(x)

qEARl iEI\ll

+lo Y Y wilq)ri(q)etieq(x)
qENG \Agy €]
+lo ) {[ ra(q) + wj(q) (xh(q) +1a(q)t)] e*(D! +ws(q)rs(q)e)‘5(q)f}eq(x)
q€Ng,
o T [wl@)x(@) +'(a) (¢(a) +xla)) +w"(@) (" (@) + ¢ (@) +x(@) )| HPieq(x)
qENE,
+1|6 Z wr(q)rr(q)e/\*(q)teq(x) +‘(5 ; [wRe(q) (Rer.(q) cos[(ImA.(q))t] — Imr.(q) sin[(ImAc(q))¢])
qENC2

q€A1

+™(q) (Rerc(q) sin|(ImA (q))#] + I (q) cos[(ImAc (q))#]) | eReX(@)req (x)

y

5 ¥ {|w**(a) (Rerc(q) cos[(ImAc(q))t] — Imre(q) sin[(ImAc (q))))
qEN\Acs

+0'™(q) (Rer:(q) sin|(ImAc(q)) ] + Imre(q) cos[(ImAc(q))]) | XD 4w, (q)ry(q)e (D7} eq(x)

= Hw‘s(-,t) — 5e£tWOH +Je+T7+Js+Jo+ Jio+ Ji1 + Jio 73)

We next estimate each term J;(i = 6,7,8, - - - ,12) on the right-hand sides of (73). It is not difficult to know
that there are finitely many values q € N satisfying ReA;(q) = Amax and |q| is bounded for each q € N ..
For each q € N%, 4> < N there exists a constant C;, > 0 such that

(@), [r2(a), [r3(q)] < Cs, q € Ngy,
ra(q)l, [F'(q)], [rs(q)] < Cs, q € Ny,
x(@)l, [ (@), [r"(q)] < Cs, q € Ngs,

[Rerc(q)], [Imre(q)], |r(q)| < C., g €NE.

)
o 74

By the similar method to prove (32), using (74) and (13) there exists a constant C, > 0 such that

wi (@), [w2(a)], [ws(a)] < Coslwgl,  q €Ny,
wa(@)l, [wy(q)l, [ws(q)] < Cuslwql, € Ngy,
w(@)l, [w' (@)l |w" ()] < Cuslwgl, €Ny,
[wRe(q)l, [w™(q)|, [wr(q)] < Cuslwql, q€NE

75)

and
tetd(@)t < Cyx, forq € N‘Iiu, teA(q)t,tze)‘(q)t < Cyx, forq € N‘fB. (76)

By (29), (32),(74), (75) and ||wg|| = 1, there exists a constant C¢ > 0 such that

R

> Z ‘Wq|2 < 52@%62(/\max_f7)t”w0”2 < (52@%32(/\max—,0)t’

qEAR]

that is,
Jo < 6Cge(Amax—p)t, (77)

Moreover,
J7 < 56(2\max_P)t. (78)
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Similarly, there exists a constant C7 > (0 such that
J; < 5C7E(Amarp)t,i =8,.--,12. (79)

Substituting (69), (77)-(81) into (73) yields

20'1
]
=
3
A

A A A 5 W, 2 )\maxt ~ ~
C.CuCs Iwolle  de Sehmant - Cyselmax—0t | solmax—0t | 5, golmax—p)t
/\max /\max
. . C1CC
—pot 1%-4%5 2 /\maxt /\maxtL
S {(1+C6+5C7)€ P +m <5HWOHH2(’]I‘17’)+5E )}56
< C{e 4 8l woll2 g + St} detmnt w0 < £ < T,

where C := max{1 + C¢ +5C7, %} and thereby completes the proof. [

Corollary 1. (Nonlinear instability). Let the conditions ( Hy),(Hp) and (H3 ) are holds. Then the positive constant
equilibrium point w, of the problem (1) is nonlinearly unstable in the sense of the L>-norm.

Proof. Notice that Lg, has an eigenvalue ReAq, = Amax, if there exists qg = (qo1,---,904) € N? hax, and denote
the corresponding eigenvector by rq,. Assume

r(qo)
Wo(X) = k——%eq,(x
"= et
with x = 1/|leq,|| = v/(2/7)7 so that |[wo(x)|| = 1. In addition, if t = T then for & sufficiently small, we
require
1
5HWO(X)|‘%_12(T¢)F§ ic’
0T (‘5) ot o L (80)
6 , 8C
0 = sermaT’ < —.
8C
It follows from Theorem 2 and (80) that
A 1
”(FEMT&WOH B HW(S("T‘S)H < ||w‘5(~,T‘5) _ 569)1T‘5W0H <cC {E*PT‘S +5HW0H%IZ(T”’) + 9} 0 < 56, (81)

Notice that the dominant part of the solution of the linearized system (5) satisfies
16e™ T wo | = [|oe" =T || = setmnT* = g, (82)

By (81) and (82), we deduce that
1
|wo(., T%)| > 56 > 0.
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