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Abstract

The paper presents a framework for the construction efeanentary proof of the infinitude of
twin primes. It starts from the fact that all positiméegers can be divided into numbers that tan
lead directly to a pair of twin primes (called twin rankgy numbers (called non-ranks) that{do
not have this property. While the twin ranks cannot be tijyrealculated, the non-ranks can pe
easily calculated with a simple equation based on ordipemges. They present a series|of
properties that once rigorously proven make the finiterassvin prime an impossibility
Foremost among these properties is the fact that they carrdreged in an infinite number of
sets called groups and super-groups. These sets have a lsyiftvinetry, a precise interval
length and a well-defined number of terms. Another importamiguty is that the depletion of
twin primes via non-ranks goes in steps from one “basi€’hinal to another. As one goes higher
up in the number series, these intervals grow largefeaigdr while the prime numbers required
for their depletion become more and more sparse.
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1 Introduction

Two prime numbers?, and P, are called twin primes i, — P = 2. Because they have a

tendency to thin out compared with the usual primes asgoes higher up in the number series,
for many years the set of twin primes was considered tads likely finite. Although nowadays
there is a strong consensus that there are infinitelyynbam primes, a formal proof of this
conjecture (called the Twin Prime Conjecture [1]) wasfoand yet. The main difficulty is the
fact that probabilistic events for consecutive primesrent truly independent [2].

In this paper we look at the problem from a different persmeand show that once the
interdependence of the twin primes with the other primesderstood, it is hard to see how their
number can be finite. This is because, as one goes higher tiye inumber series, the prime
numbers which play a key role in their depletion become rancemore sparse [3], while the
intervals that have to be covered by a single prime dgoger and larger.
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2 Basic Properties

We begin by showing that with regard to the twin primégaditive integers can be divided into
two and only two categories: twin ranks and non-ranks. Ttveseoncepts were introduced and
discussed in a previous paper [4], but in order to fat#lithe exposition we recall here some of
the characteristics that are essential in understandimgaheein the formation of the twin primes.

One can associate to each pair of twin prinkesandP+2 a “twin index” K =P+1
representing the number between them. Since all twin pnivitaghe exception of 3 and 5 are of

the form P =6n+1 (wheren is a positive integer) all twin indices except 4 afethe form
K =6n. For reasons that will become apparent shortly, one efineda twin rank” as a
number of the formk, = K/ 6and work with twin ranks instead of twin indices. Allitwanks
lead to a twin index (and hence to a pair of twin primeg)a single algebraic operation:

multiplication by 6. Sinc&* —1= P( P+ 2) is divisible only byP and P + 2, it follows that
that if a numbezl(Gn)2 —1=(6n+ ZI)( 6n- ])is not divisible by any prim? <.,/6n+1,

thenN =K is a twin rank and 6K, 1 are twin primes. Conversely, all numbérthat satisfy
one of the two variants of the following equation

k=nP+[ P/6] 1)

where K] means the nearest integendaannot lead to a pair of twin primes by a single laigie
operation. They were callechdn-ranks’. As shown, there are no other numbers in the set of
positive integers besides twin ranks and non-ranks [4]. Wighabove formula one can find all

non-ranks smaller thal ,,; = (szﬂ—l)/ﬁ by using all primeS< P < B . By subtracting
these non-ranks from the set of positive integ\e(s( Pﬁl —1)/ 6 one obtains all twin ranks

k. <(P2 —1)/6 and, hence, all twin primes with indidés< P2

Y "2 —1. (Note: Because the

reminder from the division of a numbarby a numbeb can be equal to 0.5, the expression “the
nearest integer to a / b" is usually avoided in number théopetheless, we are using it here

because the reminder from the division of a prime nuntb&5 by 6 is either 1/ 6 or 5/ 6).

It is important to realize that while many of the namks k]. determined with (1) using a prime
F’j can be found with the help of primes smaller tﬁ‘jannone of them can be found using primes
larger thanPj . This property is very important because it ensuresotheg a hnumber was shown
to be a twin rank by using in (1) all primes up to aaiarprime F’l , that number is not going to
be “covered (i.e. shown to be a non-rank) by primes larger tl’r%m In other words, while the

covering process started by a prime at the de?nt[ P/ 6] goes forward to infinity, it does not
go backward.
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3 The Case for the Infinity of Twin Primes

Let us examine the set of natural numbers and see how itheatmks arise as a consequence of
the fact that there are not enough primes to cover aliyintegers. The first characteristic we

notice is that there are two non-ranks associatedpring P in each interval of lengtidn = P
starting withPi[ P/ 6] . They are symmetrically distributed at equal distar[d%é 6] from all

numbers that are a multiple Bf One can associate, therefore, to each non-rapkrarit prime”
defined as the smallest prime required by (1) to findEitample: Here are the first 10 non-ranks

of parent primePN =59: 777, 1013, 1052, 1288, 1347, 1603, 1642, 1760, 1937, 1957. All of
them are of the forr, = 59ni[ 59/@ :

Starting with 4, the smallest non-rank, all non-ralklfsof the same parent primBj form an

infinite number of consecutive groups of Ienb.t‘-h= Ij P, each of them containin@j terms.
=

The totality of non-ranks of parent primeés< P < R form an infinite number of consecutive

super-groups of equal interval Iength]s, each of them containingSj terms. (Note: Although

L;, G, and S; are whole numbers, for simplicity in the following wellvdlso use them to

designate the corresponding intervals, groups or super-grébpssame is true foRj , a set of

numbers to be defined shortly). Becads]e is divisible by all primeS< R < P, each super-

group Sj has an integer number of groufs with i <], and the gaps between its terms will

come out in the same order regardless from which sidbeointerval one starts to count them.
This makes the distribution of gaps symmetric with resfrea central gap between the numbers

Ly = (Lj —3) /2 andL,, = (Lj +3) /2. It also has as a consequence the fact that the sum of

two non-ranks situated at equal distances from the cegﬂpabqualk.j . Obviously, the size of
the gaps and their distribution will be the same in allotther super-groups obtained by adding to
each term in the first super-group the numbx?rmultiplied by an integer. As shown in [4] one
has

szzﬂ(e—z) 2

i p-2
Sj = Lj(l_ IT] 3)
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As mentioned, the number of terms in a super-group isuhe of the number of terms in the

i
constituent groups. However, this does not meanﬁjlais given byZGi with Gj asin (2).In

i=3
order to arrive at (3), one has to take into accountatiethat in each super-group of orgl¢nere
are nested3, = (LJ / Lr)G groups of ordeB<1i < j . (Note that all these numbers are exact
integers).
Although per the fundamental theorem of arithmetic aflirzd numbers are multiples of a prime

P, this does not guaranty that one can associate a primeety number according to (1). The
number 10 for example is a multiple of 2 and 5, but there isumbern that allows it to be

written as eithernP+[ P/ 6] or nP—[ P/ 6]. Consequently, 10 is a twin rank. It gives the
twin index 60 when multiplied by 6.

As we go further up in the natural number series, wecadtiat the covering process is not
monotonous. It goes in steps from omasic’ interval AM ; = (P2 - Hz)/G to the next basic

j+1
intervalAM ,, = ( p2_ _ p2

i+2 J.Jrl)/(S. Any time one covers a basic inter\AMj and goes to the
next intervalAM j+1» One needs a larger prime to cover the numbers in tieavah left uncovered

by previous primes. And here is an important aspecteoptbblem: Not only a prime P cannot

cover more than about a fractiod/ P of the remnants in a basic interval, but very oftenetlie
no number n which together with P can satisfy (1) for thatwad. In this case all the remnants
are twin ranks.

As an example, let us start from the numbég, = (Plz7—l)/6 (where B, =59 is the 17

prime) and let us apply eq. (1) witb< P <59 to the basic interval situated between
M, = (592 - 1) /6= 58Cand M 4 = (612 —1) /6= 62(C. We obtain the non-ranks: 580,

581, 582, 583, 584, 585, 586, 587, 589, 591, 592, 594, 595, 5965%M3600, 601, 602, 603,
604, 605, 606, 607, 608, 609, 610, 611, 613, 614, 615, 616, 617, 618, 61%ubftacting these
non-ranks from the set of positive integers in the intemwal pbtain the remnants: 588, 590, 593,
597, 612. As expected (because we used all required parenspeththese remnants are twin
ranks. They correspond to the following pairs of twin prin8527, 3529); (3539, 3541); (3557,
3559); (3581, 3583) and (3671, 3673). Now, if we apply theegha® to the next basic interval

situated betweeM ;= (612 - 1) /6= 62Cand M, = (672 —1) /6= 74¢€ using the same
primes as before, we obtain all non-ranks in the intgstakting with 620) except one: 742. In
order to cover this number we have to use the prime nek,toi.e. Bg =61. Indeed,
742=12x 6% 1(in accordance with eq. (1). In the next interval situatecwdset
M, = (672 - 1) /6= 74€andM,, = (712 - 1) / 6= 84( the new primeR, =67 manages
to cover two more remnanig93= 12x 67/~ 1.and815= 12x 67/ 1, but in the succeeding
three intervals the primeBy, =71, B, =73, and P,, =79 are not able to cover any remnants
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because there are no numbersthat together with these primes can satisfy eq. (1)tHer
corresponding intervals. Consequently, all remnants ésethintervals are twin ranks. What one
sees is the following: On one hand, as one goes furthir tine number series, one has at one’s
disposal more and more primes that can be used to covegrntimants in the incoming intervals.
On the other hand, the primes needed for the covering prbeesme more and more sparse and
the basic intervals which have to be covered by a sprijjee grow larger and larger. The main
guestions are:

- If B, is the 2 prime, is it possible to have all integers larger thivh,,, = (P2 —1) /6ina

z+1
z

super-group L, = rj P covered by primes smaller tha®,,, ? (Recall that the covering

i z+1

process started by a prime at the poiF?ti[ P/ 6] goes forward to infinity).

- If the answer to the first question is “no”, are the remag primesP,, < P<,/6L,+1

able to cover all the subsequent remnants in the super-group?

In order to answer the first question we notice thatrterval L, contains a numbeS, of non-
ranks of parent primeS< P < P. given by the same equation (3) regardless of the valaze of

Because L, > S, there will always be i, a numberR, of remnants not included i, .
One has

Rz:g—sz:fj(e—Z) @

The uniform distribution of terms ik, allows the symmetry ir§, with respect to the central
gap to be preserved after the subtraction of its teromlfr,. Consequently, the gaps between
consecutive terms iR, are symmetrically distributed with respect to the cérgep. (This is
valid for any remnanR; ). All remnants smaller thanM =(Pzil—l)/6 are twin ranks
because the non-ranks smaller tHdln,,, were covered by the primés< P < P, and are not in
R,.

Let us assume there are no twin ranks aléky,, because they have been covered by primes
smaller tharP,,, . This means that all numbers R, after M,,; are non-ranks. These non-ranks
must be of parent primes larger th&h because if they were smaller they would have been

included inS, and no numbers would have been left for the interval detM ,,, and L, . If

this would be the case, the number of remnants would be mucleisthah the value given in (4)
and there would be no symmetry. Since this negates the pegperties of non-ranks, we
conclude that:
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z
Given an arbitrary primd®,,, and a super-group of length, = rj P, the primes smaller than
1=

P,,, cannot cover all numbers in the super-group larger Man, = (P2 —1) /6.

z+1

In order to answer the second question we recall that thebgapsen consecutive terms in any
remnant Rj are symmetrically distributed on each side of the centqal §his means the fraction

of remnants in two intervals of equal length situated atledjgtances from the central gap are
equal, and the fraction of remnants at the beginning doediffeattoo much from the fraction at
the end, with both of them not significantly different from éverage value

R l p-
X; =_l=|]u (5)
Lj 4 P

Example: Let j =7. One had =17, L, =8508%, and L, = (Lj —3) /2= 42547 If one

divides the interval between 541 and 42541 in 42 intervlsqoal length and measures the
fraction of remnants in each of them, one obtains theviatlg values: 0.265, 0.261, 0.263, 0.257,
0.262, 0,261 ,0.262, 0.259, 0.257, 0.264, 0.259, 0.264, 0.257, 0.261, @Z%AK, 0.261, 0.266,
0.260, 0.259, 0.261, 0.264, 0.259, 0.257, 0.261, 0.259, 0.263, 0.263, @255, 0.259, 0.267,
0.260, 0.259, 0.266, 0.259, 0.260, 0.266, 0.254, 0.263, 0.257, 0.264e8hevalue for the whole

interval L; isX; =0.261€. Due to the central symmetry, one obtains the same nunibers
reverse order for the interval betwekp, = (L j +3)/ 2= 4254¢ andl; —541= 8454«
Therefore, one can approximate the num{bfzrof remnants in a basic inten/AM 41 inside Lj
as a fractionX; of its length. One has
AY DXJAMm:AMHll‘j% (6)
= i

It is important to realize that what matters heradsthe exact number of uncovered terms in the
interval, but the fraction of them that can be covered bingle prime. In this case the prime is

, _ L, ,
P.,, and the interval iAM ;,; _(P -pP

i i+2 J-Jrl)/6. The approximate number of terms covered

by P, is then

XAM.,, P2 -P i p-
Nj+1 D2 ! J+l: J+23 J+lIJFI)P2 (7)

i+l

It follows that the number of terms remained uncoveredafdaiem twin ranks, is on the order of

696



British Journal of Mathematics & Computer Scien¢4)3691-698, 2013

T, OA, (1-2/R,,) (8)

Theorem: The number of remnants in a basic interval is larger thagdpebetween the primes
that determine the length of the interval.

Proof: For any prime P one had? —22= P_, . This allows one to write (6) as

AzSAM > (B2t Rus)(Roem Py )
R 2R
with P, +P,,>2P one has\; >P,, = P,,. This completes the proof.

Based on the above properties, we conclude that:
4

Given an arbitrary primé®,,, and a super-group of length, = |_| P, the primes larger than
1=3

P

)+, cannot cover all remnants in the super-group larger Map, = (P2 —1) /6.

z+1

4 Concluding Remarks

Many years ago Euclid gave an elementary but elegant grabthere are an infinite number of
primes [5]. Now, after more than 2000 years, mathematicialnige still struggling to find a proof
for the infinity of twin primes using complex analysis, ma@ even mention the possibility of an
elementary proof. Based on the above analysis, we presentahgossible framework for the
construction of such a proof. The line of reasoning @k®vs:

a) There is a one to one correspondence between timirep and twin ranks;

b) Any positive integer is either a twin rank or a frank;

c) While the twin ranks cannot be directly calculatdee non-ranks can be easily
calculated with a simple equation based on ordiparyes;

d) All positive integers that fail to satisfy that edion after using all corresponding
primes and numerical coefficients are twin ranks;

e) The non-ranks can be arranged in an infinite nurobgroups and super-groups
with a built-in symmetry a precise interval lengthd a well-defined number of
terms;

f) Because of the built-in symmetry, if there weretmin ranks after a certain
number, the number of remnants in the interval pismi by a super-group
containing that number would be much smaller, ahdret would be no
symmetry;

g) In a super-group the primes smaller than a givémepicannot cover all terms
larger than a certain number on the order of theusgof that prime divided by
6;
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h) The depletion of twin primes in an interval is dittg dependent of the ability of

i)

)

k)

the ordinary primes to “cover” all positive integen that interval,

The covering process goes in steps from one “basietval to another, with a

prime P unable to cover more than about a fractidgdP of the numbers in the

interval;

If the primes smaller than a given prime cannotecall terms in a super-group
larger than a certain number, the uncovered teanaat be entirely covered by
larger primes;

The propositions (g) and (j) imply that there vailvays be twin ranks in a super-
group because, regardless of its size, it is inplesgo cover all the constituent
terms by the available primes;

Since there are infinitely many super-groups, liofes that there are infinitely

many twin ranks and hence infinitely many twin pesn
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