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Abstract

In this paper, we present linear summation formulas for generalized Pentanacci numbers and
generalized Gaussian Pentanacci numbers. Also, as special cases, we give linear summation
formulas of Pentanacci and Pentanacci-Lucas numbers; Gaussian Pentanacci and Gaussian
Pentanacci-Lucas numbers. We present the proofs to indicate how these formulas, in general,
were discovered. Of course, all the listed formulas may be proved by induction, but that method
of proof gives no clue about their discovery.
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1 Introduction and Preliminaries

In this work, we investigate linear summation formulas of generalized Pentanacci numbers and
generalized Gaussian Pentanacci numbers. First, in this section, we present some background
about generalized Pentanacci numbers.

There have been so many studies of the sequences of numbers in the literature which are defined
recursively. Two of these type of sequences are the sequences of Pentanacci and Pentanacci-Lucas
which are special case of generalized Pentanacci numbers. A generalized Pentanacci sequence
{Vatnzo = {Va(Vo, Vi, Va2, V3, Vi) }r>0 is defined by the fifth-order recurrence relations

Vn = Vn—l + Vn—Q + Vn—3 + Vn—4 + Vn—S; (11)
with the initial values Vo = co, Vi = c1, V2 = c2, Va3 = ¢3, Vi = c4 not all being zero.

The sequence {V;, }n>0 can be extended to negative subscripts by defining
Ve ==V_ ey = Vetme2) = Vonez) = Vo(neay + Vo(nos)

for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. Pentanacci sequence has been
studied by many authors, see for example [1], [2], [3], [4].

The first few generalized Pentanacci numbers with positive subscript and negative subscript are
given in the following Table 1:

Table 1. A few generalized Pentanacci numbers

n Vo V_n

0 Co co

1 c1 —Cp—CL—C2—C3+cCy
2 co 2¢c3 — ¢4

3 C3 262 — C3

4 C4 2¢1 — C2

5 co+ci+ca+tcez+ca 2¢co — c1

6 co + 2c1 + 2¢2 + 2¢3 + 2¢4 —3co — 2¢1 — 2¢2 — 2¢3 + 2¢4
7 2¢o + 3¢y +4es + 4es + 4eq co+ c1+ co+ des — 3ea
8 4eco + 6¢1 + Tea + 8cs + 8ca 4eco — 4es + ca

9 860 + 1261 =+ 1462 —+ 1563 =+ 1664 461 — 462 —+ C3

10 16¢co + 24c¢1 + 28¢c2 + 30c¢3 + 31y 4eg — 4ey + c2

We consider two special cases of {V,}n>0. Pentanacci sequence {P,},>0 and Pentanacci-Lucas
sequence {Qn }n>o are defined by the fifth-order recurrence relations

Po=Py1+Pyo+Pys+Pyuy+Prs Po=0P=1P=1P=2P =4 (12
and
Qn=0Qn-1+Q@n2+Qn-3+Qn-a+Qn-s Q=5Q1=10:2=3,Q:=7,Qs4=15 (L.3)
respectively. Note that P, is the sequence A001591 in [5] and @, is the sequence A074048 in [5].

Next, we present the first few values of the Pentanacci and Pentanacci-Lucas numbers with positive
and negative subscripts in the following Table 2:
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Table 2. A few Pentanacci and Pentanacci-Lucas Numbers

n -9 —8 -7 —6 —5 —4 —3 —2 —1 0 1 2 3 4 5 [§ 7 8 9
Py, 2 0 0 0 -1 1 0 0 0 0 1 1 2 4 8 16 31 61 120
Qn —1 —1 —1 -7 9 —1 —1 —1 —1 5 1 3 7 15 31 57 113 223 439

2 Linear Sums of Generalized Pentanacci Numbers

Some summing formulas of the Pell and Pell-Lucas numbers are well known and given in [6, 7], see
also [8]. For linear sums of Tribonacci and Tetranacci numbers, see [9] and [10, 11], respectively.
The following Theorem present some summation formulas of generalized Pentanacci numbers.

THEOREM 2.1 For n > 0, we have the following lineer sum identities:

(@) Spo Vi =3(Voga — Voo — 2Vog1 + Vi — Vi + Va + 211 + 3V%)

(®) Yo Very1 = %(3‘/%4-2 + 4Vont1 + Von + 2Von—1 — Von—o — 3Va + 4V — Vo + 6V1 + Vo)

(€) YhioVar = 2(—Vanyo +4Vani1 + 5Van + 2Van 1 + 3Van o + Vi — 4V + 3V — 2V; + 5V))

(d) Sr_oVak = 2(—Vanss + 2Vanga + Va1 + 2Van + Va1 — Vi + 2V5 — Va + 3Vp)

(e) >oroVakt1 = %(V3n+3 + Vant1 — Va1 + Vi — 2V — Vo + 2V5 — V)

(£) Do Vakrz = 2(Vanys + 2Vanya + Vang1 4+ Vano1 — Vi + 3V + Vo)

(8) >roVar = 15 (=5Vanta + 4Vinys + Wanso + 10Vani1 + 7Vap + 5Va — 4Vs — 9Va — 10V4 + 9V0)
(h) > p o Vaksr = 15 (—Vanta +4Vanss + 5Vanto + 2Ving1 — 5Van + Vi — 4Vs — 5Va + 14V) + 5V))
(1) >r_o Vargo = %6 (3Van+a + 4Vinys + Vango — 6Vipy1 — Vi — 3Vy — 4V3 4+ 15Vo + 6V1 + Vo)

() Xneo Varts = 15 (TVan+a + 4Vants — 3Vanta + 2Vans1 + 3Van — Vi + 12V + 3V2 — 2V1 — 31%)
(k) >op_oVer = % (—3Vsn+s + 4Vsnta + 3Vants + 2Vento + Vant1 — Va + Vo +2V1 + TVo)

M) > Vot = i (Vonts — Vants — 2Vengo — 3Vong1 — Va + Vo + 6V — V)

(m) >0 Vsrgo = % (Vonts — Vants — 2Vango + Vong1 — Va + 5Vo — 2V1 — 1))

(m) Yp_oVokss = 2 (Vanys — Vangs 4+ 2Vanga 4+ Vongr — Va + 4V — 3V — 2V1 — Vp)

(0) Yo Vakta =1 (Vonts + 3Vsnis + 2Vania + Vong1 + 3Va — 4V — 3V — 2V4 — V))..

Proof.
(a) Using the recurrence relation

Vn =Vn_1+ Vn—2 + Vn—3 + Vn—4 + Vn—5

ie.
Vn - Vn—l = Vn—2 + Vn—3 + Vn—4 + Vn—5 = Vn—5 + Vn—4 + Vn—3 + Vn—2
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we obtain
Vo—-Vi = W+Vi+Va+V3
Ve—Vs = Vi+Vat+Va+V,
Vi—-Ve = Vot+Va+Vi+Vs
Ve—=Ve = Va+Vi+Vs+ Vs
Vo—Ve = Va+Vs+Ve+ Vs
Vn - Vn—l = Vn—5 + Vn—4 + Vn—S + Vn—2
Vn+1 — Vn = Vn—4 + Vn—S + Vn—2 + Vn—l
Vn+2 - Vn+1 = Vn—S + Vn—? + Vn—l + Vn
Vn+3 - Vn+2 = Vn72 + anl + Vn + Vn+1
Vn+4 - Vn+3 = anl + Vn + Vn+l + Vn+2
Vn+5 - Vn+4 = Vn + Vn+l + Vn+2 + Vn+3
If we add the equations by side by, we get
Vaps—Va = Y Vit (Vnﬂ - Vo +2Vk> + <vn+2 +Vor1 - Vi VO+ZVk>
k=0 k=0 k=0

+ (Vm FVara+ Vg1 Vo= Vi—Vo+ ) Vk>
k=0

or

4 Vi = Vags = Vars = 2Vayo — 3Vasr — Vi + Vo +2V1 + 310

k=0

which maybe reduced easily to (a) by using (1.1) and dividing both sides by 4. Note that

Vits = Vs —2Vpg2 =3Vap1 = (Vaga + Va3 + Vaga + Vg1 + Vi) — Vs — 2Vipqo — 3V
Vinta — Vngo —2Vpi1 +Van

(b),(c) We write the following obvious equations;

Vsi= Vu—-Va-V1—-Vo—-V_

Vi = Ve-W-Vs-12 -V,

Vi = Ve—Ve—-Vs—-Vi—-V3

Vo = Vie—Vs—-Vr—=Vs—-Vs

Viim. = Via—Vigo—Vo—-Vs - V7

Vis = Viua—Via —Vi1 —Vio— Vo

Vis = Vig—Via—Vig—Via — Vg
Va1 = Van —Van—o — Van—3 — Van—a — Van—s
Vant1 = Vango — Vap — Vano1 — Va2 — Vap—3.
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Now, adding these equations we have

-Vi+ Z Vo1 = (VO — Vo + Vopyo + Z V2k> + <V0 - Z V2k>
k=0 k=0

k=0 —
+ <V2n+1 - Z V2k+1) + (VQn — Z V2k>

k=0 k=0

+ <V2n+1 + Vo1 — Vo1 — Z V2k+1>

k=0

or

3ZV2k+l =Vi—=V_1 = Vo + Vapgo 4+ 2Vopt1 + Van, + Var1 — ZV%
k=0 k=0

orusing Vo1 =V, — V5 — Vo — Vi — Vp,

3 Vokpr = —Va+ Va+2Vi + Vo + Vanga + 2Vani1 + Von + Vano1 — »_ Vax.
k=0

k=0

Note that
Vi—-Voaa—-Vo=Vi—(Va—-Va—Vo—-Vi —Vp)—Vo=—-Vi+Vs+2Vi + V.

Similarly, we write the following obvious equations;

Vo = Va—-Vi—-Vo—-V_1—-V_y
Vi = Vo-Va—=Va=-Vi—-Tp
Vo = Via—-Vs—-V4i—-Vs-12
Voo = Vo—-Ve—-Ve—-Vs—-Vs
Vio = Vii—Vo—-Ve—-Vr—Vs
Vie = Vig—Vii—Vip—Vo— Vs
Via = Vis —Viz —Via = Vi1 — Vo
Von—2 = Van—1 = Von—3—Vap—a — Von—s5 — Van—s
Voo = Vang1 — Vo1 — Vop—2 — Va3 — Van—4.

Now, adding these equations, we have

Vo + ZV% = <—V1 + ZV2k+1> + (V2n+1 - ZV%H) + <V2n - Z%k)
k=0 k=0

k=0 k=0

+ (V2n+1 + Vo1 —Vo1 — Z V2k+1> + <V2n2 + Vo = Vo — Z Vzk)

k=0 k=0
or

3Y Vo= (Vo= Vo + Vo= Vi) + 2Vant1 +2Van + Van 1 + Van2 — »_ Varia
k=0 k=0

orusing Voo =V - Vo — V3 — Vo — V_q,

n

3) Vo=V + Vo +2Vo + 2Vant1 + 2Van + Van1 + Van2 — »_ Vagpa.
k=0 k=0
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Note that
Vo=V +W-Vi=—-Va—-Vo—-Vi—Vo—-V_1) = V1 4+ Vo - Vi ==V +Va+2V.

Solving the following system

32 Varyr = —Va+Va+2Vi+ Vo + Vanga + 2Vania + Van + Vono1 — Z Var,
k=0 k=0
3 Vo = —Va+Vo+2Vh + 2Vani1 + 2Ven + Vano1 + Vanz — > Vakt1,
k=0 k=0
we find that
- 1
D Varet = g(3Vansz +4Vany1 + Van +2Von1 = Vanoz + Vo + 6Vi — Vo + 4V5 — 3V4)
k=0

1
g(_V2n+2 + 4Vant1 + 5Van + 2Van—1 + 3Vap—a + Va — 4V3 + 3V — 2V7 + 51)).

Z Vak
k=0
(d),(e),(f) Using the recurrence relation
Vie=Vio1+Vek—2+ Vi3 + Via + Vis
i.e.
Vic1r =V = Vo2 = Vieez = Vs — Vs
we write the obvious equations
Vo = Vi—Voi-Vao-Vi3-Vy
V3 Vi=Vo-V1—-Vp -V
Ve L e Pl e 7
Vo = Vio—Ve—-Ve—-Vs—-V;
Via Vis—= Vi1 —Vio—Vo — W5
Vis Vie = Via — Viz = Via — V11
Vis = Vio—Vir —Vig — Vis — Viu

Var = Vaa — Voo — Vig — Vigs — V17
Vaa = Vag — Va3 — Vag — Va1 — Vo
Vor = Vag — Vog — Vo — Vg — Va3
Vine = Van—s —Van—7—Van_g = Van_9 — Van_10
Vian—s = Vin—2—Van—a—Vap5 —Van_6— Van—s
Van = Vant1 — Van—1 — Van—2 — Van—3 — Van_y

Now, adding these equations, we have

Z Vi (Z V3k+1> + <— Z Vag4o — Vo1 + V3n+2> + <— Z Vag41 — Voo + V3n+1>
k=0 k=0 k=0 k=0
+ <— Z Vaw — Voz + V3n> + <— Z Vakgo = Vou = Vi + Vg + V3n+2>

k=0 k=0

2 Z Var = 2Vapqo+ Va1 +Van + Va1 — Vs — Vg —V_o —2V_1 -2 Z Vakt2
k=0 k=0
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Similarly, we write the obvious equations

Vi = Wo—-Vao-Vi3-V,4-Vg
Vo = Va—-Vi—WW—-V_1—-V_y
Vi = V- Vu—-Vs-Va—-W;
Ve = Vo—-Ve—-Vo—-Vs—-V4
Vi = Via—Vio—-Vo—-Vzs —-Vz
Via = Vis—Viz —Viza — Vi1 — Vo
Vi, = Vig—Vie —Vis — Via — Vi3
Voo = Vo1 —Vig —Vig — Vir — Vig
Vo = Vag — Voo — Vo1 — Voo — Vig
Vag = Var —Vas — Voyg — Vg — Voo
Vian—a = Vin-3—Van—5—Van6— Van—7— Van_s
Van-1 = Van —Van—o—Vian—3 — Van—a — Van—s
Vantz = Vanis — Vant1r — Van — Vano1 — Van_o

Now, adding these equations, we obtain

n n n n
Voi4+ > Vagye = <V3n+3 + > ng) + (*V—2 -> V3k+1> + (*V—s -> VSk)
k=0

k=0 k=0 k=0

n n
+ <V3n+2 AV V3k+2> + <V3n+1 Vo —Vos— > V3k+1>
k=0 k=0

n n

2 Vappa = —Visg—V_o4—V_3—2V_y—2V_1+ Vanis+ Vansa+ Vant1 —2 Y Vaggr-
k=0 k=0

Similarly, we write the obvious equations

Voo = Vo1 —-V_3-V_4—-V_5-V_
i = Va—-WVo—-V1-V_o—-V_3
Vi = Vo—-Va—=-Vo-Vi-Tp
Vii= Ve—Ve—-Vs-Va—-1V3
Vio = Viui—Vo—-Ve—V7z -V
Vis = Via—Via—Vii —Vio— Vo
Vie = Vir—Vis —Via—Viz —Vi2
Vip = Voo —Vis —Vir = Vie — Vis
Voo = Vag — Va1 — Voo — Vig — Vig
Vas = Vag — Vag — Vag — Vag — Vo
Vian-s = Van—a—Van—6— Van—7— Van—s — Van—o
Van—e = Vano1 —Vano3 —Van_a — Va5 — Van_s
Vant1 = Vant2 = Van — Van—1 — Van—2 — Van-3
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Now, adding these equations, we obtain

n n n ]
Voo + > Vapgr = (V—l + > V3k+2> + <—V73 -> VSk) + (V3n+2 —Vog-Vo -3 V3k+2>
k=0

k=0 k=0 k=0

n n
+ (V3n+1 Vs —Via— > V3k+1) + (V?m. -Vig—Viz— V3k>

k=0 k=0

n n
2> Vappr = —2Vp—V_og—V_5—V_y—2V_ 3+ Vanqa+ Vant1 + Van. —2 D Vap.
k=0 k=0

Solving the following system

QZ Var = 2Vanyo+Vapg1 + Vi + Va1 —Voyu — Vo3 —V_ o —2V_; — 22 Vakt2
k=0 k=0
2 Z Vakto = —Vos—V_u4—V_3—-2V_o—2V_1+ Vapnyz+ Vapyo+ Va1 — 22 Vak+1
k=0 k=0
2) Vaeyn = —2Via—Vie—Vis—Via = 2Vos + Vansz + Vangr + Van. =2 Vax
k=0 k=0
we find
- 1
D Vo = 5 (=Vangs +2Vanga + Vanss +2Van + Vano1 — Vi +2Vs — V2 + 3V5)
k=0
2 1
D Vsker = g (Vangs + Vangr = Vano1 + Vi = 2Vs = Vo + 2V1 = Vp)
k=0
- 1
Z Vgt = 1(V3n+3 + 2Vapto + Vang1 + Vano1 — Va + 3V + p).
k=0

(g),(h),(i),(j) As in the cases (d),(e),(f), solving the following system

n n n
2 E Vare = Vangs + Vango + Vans1 + Van — Vi + Vo — E Vikto — E Vikts
k=0 k=0 k=0
n n n
2 g Viksr = Vapgs +Vapgo + Vi — Vo + Vi + Vo — E Viak4+s — E Vg
=0 k=0 k=0
n n n
22 Vikya = V4n+3+V4n+2—V3+V2+V1+V0—E V4k+1—2 Vg
k=0 k=0 k=0
n n n
2 E Vikts = Vinga +Viangs —Va+Va+ Vo + V) — E Vikto — E Vik41
k=0 k=0 k=0
we find
n
Z Var, = T (—=5Van44 +4Viany3 +Vapto + 10Vap 41 + TVap + 5Vy — 4V3 — 9V — 10V + 9V)p)
k=0
i 1
Z Vik+1 = T (=Vant4a +4Vany3 +5Vapt2 +2Vany1 — 5Van + Vi — 4V3 — 5V + 14V + 5Vp)
k=0
i 1
Z Vik42 = I (8Van+4a +4Van4s + Vango — 6Vapp1 — Van — 3Vy — 4V3 4+ 15Va + 6V + V)
k=0
i 1
Z Vik4s = I (TVian+a +4Vapts — 3Vanyo + 2Vap 1 + 3Van — TVy + 12V3 + 3Va — 2V; — 3V))
k=0
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(k),(1),(m),(n),(o) As in the cases (d),(e),(f), solving the following system

n n n n
D Vsk = Vengta+ Vengs+ Vonto+ Vont1 —Vi+Vo— > Vekga — O Vigs — 2 Vort2
k=0 k=0 k=0 k=0
n n n n
ST Vektr = Vonga+ Vongs+ Vo2 — Va+ Vi+Vo— D Vapgpa— D Vorgs — O Vak
k=0 k=0 k=0 k=0
n n n n
ST Vektz = Vonga+ Vongs —Va+ Vot Vi+Vo— > Vipgpa— O Vokyr — 2 Vak
k=0 k=0 k=0 k=0
n n n n
ST Vekts = Venga—Vat+Va+ Vot Vi+Vo— D Vipra— D> Veky1 — D Vak
k=0 k=0 k=0 k=0
n n n n n n
Do Vaita = D Vekis — D Vekta — 2 Vakge — D Vakt1 — 2 Vak
k=0 k=0 k=0 k=0 k=0 k=0
n n n n n n
ST Vekta = Vengs —Vo+ D Vek — D Vargz — O Vekgz — 9 Va1 — O Vek
k=0 k=0 k=0 k=0 k=0 k=0
we find
n
1
Vs = 1 (4Vonta + 3Vant3 + 2Vango + Vo1 — 3Vangs + Vo — Vi + Vo + 2V7)
k=0
n
1
Voksr = 1 (Vonts — Vont+s — 2Veng2 — 3Vapg1 — Va+ Vo + 6V1 — Vp)
k=0
n
1
E Vsk42 = 1 (Von+s — Vont+s — 2Vento + Vopt1 — Va + 5V — 2V4 — V)
k=0

(Van4s — Vonts + 2Vengo + Vang1 — Va +4Vz — 3V — 2V1 — Wp)

NI

n
E Vokts =
k=0
n
E Vskta =
k=0

For a different proof of (a),(b),(c) see [4]. As special cases of above Theorem, we have the following
two Corollaries. First one present some summation formulas of Pentanacci numbers.

(Vonts + 3Vsnts + 2Venye + Vo1 — 4V — 3V2 4+ 3V4 — 2V — 1)) .

N

COROLLARY 2.2 For n > 0, we have the following formulas:

(a) EZ:oPk = %(Pn+4 — Ppi2 — 2Py + Py — 1)

(®) i o Pokyr = §(3P2n+2 +4Pont1 + Pon +2Pon—1 — Papn—2 + 1)

(€) YiioPor= %(_P2n+2 + 4Pont1 + 5Pop + 2P2n—1 + 3Pan—2 — 3)
(d) >p_o Pk = i(—P3n+3 + 2P3p42 + Pant1 + 2P + P31 — 1)

(€) Y n_oPskt1=75(Psnis+ Pany1 — Pan_1+ Py —3)

(£) > _o Pakg2 = %(P3n+3 + 2P3nt2 + Pant1 + P31 — 1)

(8) Yo Piv =35 (=5Pinta + 4Pants + 9Pins2 + 10Pany1 + TPup — 7)
(h) Y7 o Parsr = %6 (—Panta + 4Pin+3 + 5Pin+y2 + 2Pint1 — 5Pan + 5)
(i) >r_oPaktz = %6 (3Psn+4a + 4Psn+y3 + Piny2 — 6Pant1 — Pan + 1)

() Yn_o Pikss = 117)‘ (7TPan+a + 4Pant3 — 3Pint2 + 2Psny1 + 3Pan — 3)
(k) > i o P = i (=3Psn+5 + 4Psnta + 3Psny3 + 2Psny2 + Psny1 — 1)
(1) >p_oPskt1 =5 (Psnys — Psnys — 2Psny2 — 3Psnq1 + 3)

(m) Y5 Psky2 =5 (Psn+s — Ponts — 2Psny2 + Psny1 — 1)
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(n) Y i o Pskts = i (Psn+ts — Ponts + 2Pspq2 + Pspnp1 — 1)
(0) Y p_oPorra= i (Psn+5 + 3Psn+3 + 2Pspny2 + Pspy1 — 1)

Next Corollary gives some summation formulas of Pentanacci-Lucas numbers.
COROLLARY 2.3 For n > 0, we have the following formulas:

(@) Yr 0@k =3(Qnia — Quiz —2Qni1 + Qn +5)

(®) > o Qokt1 = %(3Q2n+2 +4Q2n+1 + Q2n + 2Q2n-1 — Q2n—2 — 9)

(c) >r Qo = %(*Q2n+2 4+ 4Q2n+1 + 5Q2n + 2Q2n-1 + 3Q2n—2 + 19)
(d) Yh_oQsk = 2(—Q3nt3 +2Q3n+2 + Qant1 + 2Q3n + Qan_1 + 11)

(€) Yho@skt1 = 5(Qsnts + Qsnt1 — Qan—1 — 5)

(£) Yh_oQskr2 = 3(Qants +2Qan+2 + Qsnt1 + Qsn—1 — 1)

(8) YrioQar = 75 (—5Qunta + 4Qun 3 + 9Qunt2 + 10Qun+1 + 7Qan + 55)
(h) > o Qart1 = %6 (—Quan+a +4Quan+3 + 5Quan+2 + 2Quan+1 — 5Quapn + 11)
(i) YroQars2 = 15 (3Qunta + 4Qun+3 + Qany2 — 6Qunt1 — Quan — 17)

() Xr o Qarts = TIG TQan+4a + 4Qun+3 — 3Qun+2 + 2Qun+1 + 3Qan — 29)
(k) > Qsk = i (—3Q5n+5 + 4Qs5n+4 + 3Q5n+3 + 2Q5n+2 + Qsnt1 + 25)
(D) Yo Qsks1 = 5 (Qsnts — Qsnts — 2Qsn+2 — 3Qsnr1 — 11)

(m) Y Qskrz2 =5 (Qsnts — Qsnts — 2Qsn+2 + Qsnt1 — 7)

(n) Yp_oQskts = 3 (Qsnts — Qsnts +2Qsn42 + Qsnt1 — 3)

(0) Y h o Qskya = i (Qsn+5 + 3Qsn+3 + 2Q5n+2 + Qsn41 + 1)

—_— o~

3 Linear Sums of Generalized Gaussian Pentanacci
Numbers

A Gaussian integer z is a complex number whose real and imaginary parts are both integers,
ie, z = a+ib, a,b € Z. 1If we use together sequences of integers defined recursively and
Gaussian type integers, we obtain a new sequences of complex numbers such as Gaussian Fibonacci,
Gaussian Lucas, Gaussian Pell, Gaussian Pell-Lucas and Gaussian Jacobsthal numbers; Gaussian
Padovan and Gaussian Pell-Padovan numbers; Gaussian Tribonacci numbers. Gaussian generalized
Pentanacci numbers {GV;, }n>0 = {GVL(GVo, GV1, GVa2, GV3, GVy) }n>o are defined by

GV =GVa1 +GVypeo + GVips + GVpy + GV 5, (3.1)
with the initial conditions

G% = Co + (*Co —C1 —C2 —C3 =+ C4)i, GVl =c + C()i7 GV2 =c2 + 017:,
GVs = ¢35+ c2t,GVa = ca + c3i

not all being zero. The sequences {GV,, }n>0 can be extended to negative subscripts by defining
GV_, = —GV_(n_l) — GV_(n_g) — GV_(n_g) — GV_(n_4) + GV_(n_5)
for n =1,2,3,.... Therefore, recurrence (3.1) hold for all integer n. Note that for n > 0

GVp =V + Vi1 (3.2)

10



Soykan; JAMCS, 83(8): 1-14, 2019; Article no.JAMCS.50266

and
Gv—n =V o +iV_n1

We consider two special cases of GV, : GV,,(0,1,1 4+ 4,2 + 4,4 + 2i) = GP, is the sequence of
Gaussian Pentanacci numbers and GV, (5 — 4,1+ 54,3 + 4, 7+ 37,15 + 7i) = GQ, is the sequence of
Gaussian Pentanacci-Lucas numbers. We formally define them as follows:

Gaussian Pentanacci numbers are defined by

GP,=GPy1+GPy 2+ GPr_3+ GPo_4 + GP,_s, (3.3)
with the initial conditions

GPy=0,GPr=1,GPo=1+44,GP3 =2+1{,GPy =4+ 2i
and Gaussian Pentanacci-Lucas numbers are defined by

GQn=GQn-1+GQn—2+GQn-3+GQn-a+GQns (3.4)
with the initial conditions
GQo=5—-1,GQ1=1+5,GQ2=3+1,GQ3 =74 3i,GQs = 154 Ti.

Note that for n > 0

GPn = Mn + iM’ﬂ—ly GQn = Rn + iRn—l

and
GP_,=M_, + iM—n—h GQ—n =R ,+iR_,_1.

The following Theorem present some summation formulas of Gaussian generalized Pentanacci
numbers.

THEOREM 3.1 For n > 0 we have the following formulas:

(@) Yr oGV = 2(GViasa — GViyo — 2GVig1 + GV, — GVi + GVa + 2GVi + 3G Vo)

(®) > GVary1 = %(3G‘/2n+2 +4GVant1 + GVar +2GVap—1 — GVap—2 —3GVy +4GV3 — GVa +
6GV1 + GVo)

(€) iy GVak = 2(—=GVansa +4GVang1 + 5GVan + 2GVan—1 + 3GVan—2 + GVi — AGV5 + 3GVa —
2GVi + 5GV))

(d) >Xr_oGVar = %(*GV3n+3 +2GVant2+GVanit1+2G Vs, +GVayo1 — GVa+2G V3 — GVa+3GV)

(€) Yor_oGVaki1 = 1(GVanis + GVang1 — GVan_1 + GVi — 2GVs — GVa + 2GVi — GVp)

() Yr_oGVaryo = %(GVM+3 +2GVapt2 + GVang1 + GVapo1 — GVi + 3GVa + GVp)

(8) Yr_oGViak = 15(—=5GVinta + 4GVints + 9GVint2 + 10GVint1 + TGVin + 5GVa
—4GVs — 9GVa — 10GV1 + 9GVo)

(h) > o GVaryr = %(—GVanJA +4GVant3 + 5GViant2 + 2GVian11 — 5GVan + GV,
—4GVs — 5GVa + 14GVi + 5GVa)

(i) ZZ:O GVigqo = T16(3G‘/4n+4 4+ 4GVin+3 + GVinto — 6GVapy1 — GViyy, — 3G V2
—4GVs + 15GVs + 6GV1 + GVo)

(G) >0 GVirgs = %6(7G‘/4n+4 + 4G Vap+3 — 3GVinto + 2GViant1 + 3G Vi, — TGV
+12GVs + 3GV — 2GVi — 3GVo)

(k) Z:ZO GVsp = %(*3GV5n+5 +4GVsnta + 3G Vsng3 + 2GVsni2 + GVsnyt
—GVi + GV + 2GV1 + TGVh)
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(D) 7o GVartr = 2 (GVonis — GVonss — 2GVany2 — 3GVsni1 — GVi + GVa + 6GVi — GVp)
(m) >0 GVsia = i (GVsnts — GVsnys — 2GVsnta + GVspy1 — GV + 5GVa — 2GVi — GVp)
(n) >0 GVopis = i(GVEm+5 — GVsnts + 2GVspt2 + GVepy1 — GV

FAGVs — 3GVa — 2GVi — GVh)
(0) Yh_oGVskts = 2(GVsnis + 3GVonts + 2GVanya + GVonta

+3GVy — 4GV3 — 3GV — 2GVi — GVp).

Proof. (a)-(o) can be proved exactly as in the proof of Theorem 2.

As special cases of the above Theorem, we have the following two Corollaries. First one present
summation formulas of Gaussian Pentanacci numbers.

COROLLARY 3.2 For n > 0 we have the following formulas:

(@) X7 o GPi=2(GPuss — GPuy2 — 2GPus1 + GPy — 1 —4)

(b) Yh_oGPaks1 = 5(3GPani2 +4GPony1 + GPon + 2GPap 1 — GPan_o + 1 — 3i)

(€) Yh_oGPok = $(—~GPany2 +4GPani1 + 5GPon + 2GPan 1 + 3GPon_2 — 3 + 1)

(d) Yi—oGPsk = (—GPsni3 4+ 2GPsnyo + GPspi1 + 2GPsn + GPyp1 — 1 — i)

(e) >r_oGPskt1 = H(GPsnis+ GPsny1 — GPano1 +1—1)

() > h_oGPski2 = 1(GPsnys +2GPsny2 + GPspg1 + GPsno1 — 1+ 14)

(8) Yor_oGPur = 15 (=5GPunya + 4G Pin i3 + 9GPini2 + 10GPin 11 + TGPy — 7 — 3i)
(h) 37_o GPut1 = 15 (—GPinta +4AGPinys + 5GPiny2 + 2GPiny1 — 5GPy + 5 — Ti)
(1) >k GPakt2 = %6 (3G Pan+ya + 4G Piny3 + GPany2 — 6GPany1 — GPuy + 1 + 59)

() Yor_oGPurys = 15 (TGPanya + 4G Puny3 — 3GPinio + 2GPany1 4 3GPan — 3 +1)
(k) S5 o GPsk = % (=3GPsnys + 4GPsnya + 3GPsnys +2GPspin + GPspypr — 1 — i)
(D) 7o GPsii1 = 2 (GPsnis — GPsuys — 2GPsyy2 — 3GPspy1 + 3 — i)

(m) >3 GPsiy2 = % (GPsnis — GPsnys — 2GPspya + GPspy1 — 1+ 3i)

(n) >r_oGPspqs = i (GPsnts5s — GPsnts + 2GPspi2 + GPspy1 — 1 — 1)

(0) 3o GPsira = L (GPsnys + 3GPsnys + 2GPspin + GPsnyr — 1 — )

Second Corollary gives summation formulas of Gaussian Pentanacci-Lucas numbers.
COROLLARY 3.3 For n > 0 we have the following formulas:

(@) Ypo GQk = 1 (GQnta — GQni2 — 2GQni1 + GQu + 5+ 1)

(b) Yh_oGQart1 = :(3GQ2n+2 +4GQ2n11 + GQ2n + 2GQ2n 1 — GQ2n—2 — 9+ 19i)

() Y r_0GQak = é(—GanJrQ +4GQ2n+1 + 5GQ2n + 2GQ2n-1 + 3GQ2n—2 + 19 — 177)
(d) Yo GQsk = 1(—GQsnis +2GQzny2 + GQsny1 + 2GQsn + GQsn—1 + 11 — 5i)

(€) >0 GQaky1 = i(Gan-‘rs + GQ3nt1 — GQ3n—1 — 5+ 117)

(£) >0 GQart2 = i(GQSn-HS +2GQ3n+2 + GQ3nt1 + GQ3n—1 — 1 — 5i)

(8) o GQuk = 15 (=5GQunta + 4GQun 3 + 9GQun 2 + 10GQun 11 + TGQun + 55 — 451)
(h) > GQuri1 = 15 (—GQunya + 4GQunys + 5GQant2 + 2GQunt1 — 5GQun + 11 + 55i)
(i) Yr o GQartz = 15 BGQunta +4GQun+3 + GQany2 — 6GQunt1 — GQan — 17 + 114)

() Yo GQur+s = 15 (TGQunta +4GQuny3 — 3GQunt2 + 2GQunt1 + 3GQuan — 29 — 174)
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(k) >or_0GQsk = i (—3GQsn+5 + 4GQs5n+4 + 3GQ5n+3 + 2GQ5n+2 + GQsny1 + 25 — 37)
() Sr_GQsit1 = 2 (GQsnts — GQsnss — 2GQsnt2 — 3GQsnt1 — 11 + 25i)

(m) >0 GQskr2 = 1 (GQsnss5 — GQsnis — 2GQsn2 + GQsny1 — 7 — 114)

(n) Y1 GQskis = 5 (GQsnts — GQsnts + 2GQsnt2 + GQsnir — 3 — Ti)

(o) ZZZO GQskya = i (GQsn+5 +3GQsn+3 + 2GQsn+2 + GQsnt1 + 1 — 3i)

4 Conclusion

e In section 2, linear summation formulas have been presented for generalized Pentanacci
numbers. As special cases, linear summation formulas of Pentanacci and Pentanacci-Lucas
numbers have been given.

e In section 3, linear summation formulas have been presented for generalized Gaussian Pentana-
cci numbers. As special cases, linear summation formulas of Gaussian Pentanacci and
Gaussian Pentanacci-Lucas numbers have been given.

In this work, a number of linear sum identities were discovered and proved. We have written them
in terms of the generalized Pentanacci sequence, and then we have presented the formulas as special
cases the corresponding identity for the Pentanacci and Pentanacci-Lucas sequences. All the listed
identities may be proved by induction, but that method of proof gives no clue about their discovery.
We give the proofs to indicate how these identities, in general, were discovered.

It is our intention to continue the study and explore some linear summation properties of some type
of number sequences, such as Hexanacci and Hexanacci-Lucas numbers.
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