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ABSTRACT

In this paper, closed forms of the summation formulas for generalized Hexanacci numbers are
presented. As special cases, we give summation formulas of Hexanacci, Hexanacci-Lucas, sixth
order Pell, sixth order Pell-Lucas, sixth order Jacobsthal, sixth order Jacobsthal-Lucas numbers.
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1 INTRODUCTION

The generalized Hexanacci sequence {W,,(Wo, W1, Wa, W, W4, Ws; 1, s,t,u,v,y) }n>0 (Or shortly
{Whx}n>0) is defined as follows:

Wn = ™Wha+sWho+tWy_3+uWn_s +oWy,_5 +yWy_s, (1.1)
Wo = Co,lecl,WQICQ, W3263,W4=C4,W5205,n26
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where Wy, W1, Wa, W3, Wy, W5 are arbitrary real or complex numbers and r, s, ¢, u, v, y are real numbers.
The sequence {W,,}..>0 can be extended to negative subscripts by defining

v U t s r 1
Wepn==W 1 —-Woppo— W s — W s — W nys+-W_nise
Yy Yy Yy Yy Y Y

forn =1,2,3,... when y # 0. Therefore, recurrence (1.1) holds for all integer n.

For some specific values of Wy, W1, Wo, W3, Wy, W5 and r, s, t,u, v,y it is worth presenting these
special Hexanacci numbers in a table as a specific name. In literature, for example, the following
names and notations (see Table 1) are used for the special cases of r, s, t, u, v, y and initial values.

Table 1. A few members of generalized Hexanacci sequences

Sequences (Numbers) Notation OEIS [1]
Hexanacci {H,} = {W,(0,1,1,2,4,8;1,1,1,1,1,1)} A001592
Hexanacci-Lucas {En} = {Wx(6,1,3,7,15,31;1,1,1,1,1,1)} A074584

sixth order Pell
sixth order Pell-Lucas
sixth order Jacobsthal
sixth order Jacobsthal-Lu

cas

{PV} = {W,(0,1,2,5,13,34;2,1,1,1,1,1)}
{Q} = {Wn(6,2,6,17,46,122;2,1,1,1,1,1)}
{57} = {Wa(0,1,1,1,1,131,1,1,1,1,2)}

{59} = {Wn(2,1,5,10,20,40;1,1,1,1,1,2)}

The first few values of the sequences with non-negative and negative indices are presented in the

following table (Table 2).

Table 2. A few values of the sequences with positive subscripts

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
H, 0 1 1 2 4 8 16 32 63 125 248 492 976 1936
E, 6 1 3 7 15 31 63 120 239 475 943 1871 3711 7359
PP 0 1 2 5 13 34 89 233 609 1592 4162 10881 28447 74371

ng) 6 2 6 17 46 122 321 835 2182 5705 14916 38997 101953 266541

J¥ 0011 1 1 1 5 11 21 41 81 161 325 651

jff) 2 1 5 10 20 40 80 157 317 634 1268 2536 5072 10141
The first few values of the sequences with negative indices are presented in the following table (Table
3).

Table 3. A few values of the sequences with negative subscripts
n 1 2 3 4 5 6 7 8 9 10 11 12 13

H_, 0 0 0 1 -1 0 0 0 0 2 -3 1

E_, -1 -1 -1 -1 -1 11 —8 -1 -1 —1 -1 23 —27

P 0o o 0o o0 1 -1 0 0 0 -1 4 —4 1

Q¥ -1 -1 -1 -1 -6 17 -8 -1 -1 4 —34 65 —40

J(6) 3  _1 3 11 27 5 197 69 187 699 1723 325 12613

-n 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192
+(6) 1 1 1 1 _23 25 25 25 25 25 _ 1511 1561 1561
-]—n 2 4 8 16 32 64 128 256 512 1024 2048 4096

For easy writing, from now on, we drop the superscripts from the sequences, for example we write
P, for P¥.

In this work, we investigate linear summation formulas of generalized Hexanacci numbers. Some
summing formulas of the Pell and Pell-Lucas numbers are well known and given in [2, 3], see also [4].
For linear sums of Fibonacci, Tribonacci, Tetranacci, Pentanacci and Hexanacci numbers, see [5,6],
[7,8,9,10], [11,12], [13,14] and [15], respectively.
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2 LINEAR SUM FORMULAS OF GENERALIZED HEXANACCI
NUMBERS WITH POSITIVE SUBSCRIPTS

The following Theorem presents some linear summing formulas of generalized Hexanacci numbers
with positive subscripts.

Theorem 2.1. Forn > 0 we have the following formulas:
(a) (Sum of the generalized Hexanacci numbers) Ifr +s+t+u+v+y—17# 0 then

Wote + (1 =) Whnis + (1 =7 — ) Whga + (1 — 7 — s — t) Whn4s
En:W_ +(l—r—s—t—uWhpo+ (1 —-r—5—t—u—0)Wpt1 + K1
LT r+sttitutoty—1

where
Ky = —Ws+(r—1)Wa+(r+s—1)Ws+(r+s+t—1)Wa+(r+s+t+u—1)Wi+(r+s+t+ut+v—1)Wo

(b) If(r+s+t+ut+v+y—1)(r—s+t—u+v—y+1)#0then

—(tuty—1)Wappo+(E+v+r(s+ut+y)Want1
Futy+rit+v) —stu+y)+ E+v)2 = (u+y)?)Wap + (v — sv+ (0 + )u+ (r + )y) Wan 1
Z —— +y+ r+tv—(s+u)y+v2 —y)Wan_o +y(r +t+v)Wan_s3 + Ko
P 2k (r+s+t+utv+y—1)(r—s+t—ut+v—y-+1)

where

Ky, = —(r+t+o)Ws+(s+ut+y+(r+t+o)r—1) Wi+ (t+v)s—(ut+y)r—t—ov)Ws
Huty+ = (uty)s+(r+1)° = (s = DIWa + (—v+ (s +u)v = (r+ )y) W
+(2542u+2rv +2tv —sy+y —uy + (r+1)> — (s +u)’> + 0> = 1)Wo

and
(r+t +0)Wapgo+ (s +u +y) = (s+u+y)2+ (E+0)2+r(t +v)Wapt1
+ (1= )t +v) +r(w+y) Wan + (r+ )0+ 07 — (ut+y)s+ (u+y) — (uty)°)Wap_1
. +(@A=(s+u)v+ (r+t)y) Wan_2 —y(s+u+y—1) Way_3+ Kg
ST Wopyr =
=0 (r+s+t+u+v+y—1)(r—s+t—ut+v—y+1)
where
Ks = (s+u+y—1)W5—((t+v)+(s+u+y)r)Wy

+(25+u+y+7't+rv7sufsy+7'275271)W37((175)v+(7‘+t)(u+y))W2
+(2s+2u+y+m:+tv—sy—uy+r2+t2+2rt—32—u2—2314—1)W1—y(r+t+1z)W0

() fr+t+v#0As+u+y—1=0then

Want1 + (t+0)Wapn + (u+ y)Wan—1 + vWap_o + yWap_3
Z":W  WsrWa— (ut y)Ws + (r + ) Wo — yWi 4 (r +t +v)Wo
P = r+t+o

and
Wanto + (t +0)Wapt1 + (u + y)Wapn + vWapn_1 + yWapn_2
< Wi+ Wz — (u+y)Wa + (r + )W —yWo
D> Wari1 = r4ttv
k=0

Note that (c) is a special case of (b).

Proof.
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(a) Using the recurrence relation

Wn = TWn—l + SWn—Q + th—3 + uWn—4 + UWn—S + yWn—G

yane =Wnp —1rWhn1 —sWyp_o —tWy_3 —uWp_4 —vWy_5

we obtain

yWo
yW1
yWo
yWs

YWhn_4
yWhn_s
yWn—2
yWn—1

yWhn

We —rWs — sWy — tW3 — uWo — oW1
Wer —rWe — sWs —tWy4 — ulWsz — vWo
Ws —rWy — sWe — tWs — ulWy4 — vW3
Wy —rWg — sW7 —tWs — ulWs — vWy

Whto —rWhi1 — sWy, —tWi—1 —uWp_o — oW,y _3
Whts —rWhio — sWhi1 —tWy, —uWp_1 — oWiy_2
Whta — Wiy — sWihyo — tWhp1 — ulWy — oWy g
Whts — ™Whya — sWihys — tWihya — ulWpyp1r — oW,
Whte — "Whis — sWypia — tWiys — uWpio — Wi,

If we add the above equations side by side, we get

n
= (Wna6+ Wnas + Wniga + Woys + Woyo + Woyr — W5 — Wy — W — Wo — W1 — Wo + > Wy)

k=0

n
P (Wpgs + Whga + Wigz + Wogo+ Wngy — Wy — Wa — Wo — Wy — Wo + > W)

k=0

n
—s(Wypa + Wops + Wopo + Wypg — W — Wa — W1 — Wo + > Wy)

k=0

n
—t(Wpni3 + Wngo + Wpi1 — Wo — W1 — Wo + > Wy)

k=0

n n
—u(Wygo + Wny1 — Wi = Wo+ > Wi) = v(Weyr — Wo + > Wy)

k=0 k=0

and then the desired result.

(b) and (c¢) Using the recurrence relation

Wn = TWn—l + 5Wn—2 + th—3 + UWn—4 + 'UWn—S + yWn—6

T'Wn—l = Wn - SWTL—Q - th—d - UWn—4 - an—S - yWn—6
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we obtain

rWs = Wy—sWo—tWy —uWy —vW_1 —yW_o

rWs = Ws—sWy—tWs —uWy — oW1 —yWy

rWry = Ws—sWe—tWs —uWy —vWs — yWs

rWo = Wio— sWs —tWs —uWs —oWs — yWy
rWan—1 = Wap —sWap—2a —tWap_3 —uWan—g — vWapn_5 — yWan_¢
™Wont1 = Wapgo — sWay —tWopn_1 — uWap_2 — vWaop_3 —yWayp_4
7’W2n+3 = W2n+4 - SW2n+2 - tW2n+1 — uWay — vWap_1 — yW2n—2
™Wanis = Wange — sWanpa — tWanys — uWanyo — vWapg1 — yWas.

Now, if we add the above equations side by side, we get

r(=Wi + Z Wak+1)
k=0

= (Wanga— Wo = Wo+ Y War) = s(—=Wo + > _ Wax)
k=0 k=0

n n

—t(—Wapt1 + Z Wak41) — u(—Wap, + Z Wak)
k=0 k=0

—v(—Want1 — Won—1 + W1 + Z Wort+1) — y(—Wan — Wap_o + W_o + Z Wak).

k=0 k=0
Since
t 1
Woi = —SWo— Wy ——Wa — SWs — “ Wy + =W,
Yy Yy Yy Yy Yy Yy
1
W = =2="wo—Ywr - Lwo - Sws— T+ lus)
y vy Y Yy Y Y Yy
t 1
I - Swn = S - Dws 4 S,
Yy Y Yy Yy Y
we obtain
r(=W1 +ZW2k+1) (2.1)
k=0

= (Wanq2 — Wao — Wy + Z War) — s(—Wo + Z War) — t(—Wap41 + Z Wak+1)
k=0

= k=0 k=0

—u(—Way, + Z Wak)

k=0

t 1 ~
—v(—Want1 — Wopn—1 + (*EWO — EVV1 ——Ws — fVV3 — CW4 +=Ws) + ZW2k+1)
Yy Yy Yy Yy Y Yy

k=0
t 1
—y(~Wan — Wan—z + (— (== Wo — = W1 — ~Wa — ZWs — ~Wa + = W)
y v Yy Y Y Yy Y
t 1 <
Uwe = tw = Cw = T+ —Wi) + ZWQk)
Y Y Y Y Y

k=0
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Similarly, using the recurrence relation
Wn = TWn—l + SWn—Q + th—d + uWn—4 + UWTL—S + yWn—G

i.e.
TWn—l = Wn - 5Wn—2 - th—3 - UWn—4 - 'UWn—S - yWn—6
we write the following obvious equations;

T‘WQ = W3 — 8W1 — tWo — UW_1 — UW_Q — yW_3

7"W4 = W5 — SW3 — tWQ — ’LLW1 — UWO — yW_1

TW(; = W7 — 8W5 — tW4 — qu — UWz — yW1

TWS = Wg — SW7 — th — ’U,W5 — UW4 — ng
Wan—2 = Wan_1—sWan3—tWan_a —uWan_5 —vWan_6 — yWan_~

rWan = Wanyp1 —sWan_1 —tWap_2 —uWap_3 — vWap_4 — yWapn_5

™Waonta = Wanys — sWanp1 —tWap —ulWap1 —vWapn2 — yWayn 3
™Wonta = Wapgs — sWapis — tWapio —ulWani1 — vWay — yWap 1
T™Wante = Wapgr — sWangs —tWania — uWaopis — vWapgo — yWopga.

Now, if we add the above equations side by side, we obtain

n n n n
T(=Wo+ > Wap) = (=Wi+ > Wapy1) —s(=Wani1+ D Wapgr) — t(—Wan + > Way) (2.2)
k=0 k=0 k=0 k=0

n n
—u(=Wang1 = Wan 1+ Wo1 4 > Wopy) —o(=Wap — Wap o+ W_o + > Way)
k=0 k=0

n
—y(~Want1 — Wan—1 — Wan_3+ W_g+ W_1+ > Wapyr).

k=0

Using

v u t s T 1
W_1 = (——Wo— —W1 - —Wp— —Wsz— —Wy+ —Ws),

Y Yy Y Y Yy Y

v v u t s T 1 u t s T 1
W_o = (——(——Wog——W1; — Wy —-—-W3z—--Wy+-W5)— —Wyg— -—W; — Wy — —Wz + —Wy),

Yy Yy Yy Yy Yy Yy Yy Y Yy Y Yy Yy

v v v u t s T 1 u t s r 1
W_og = (——(——(——Wo— W1 - Wy — —Wg——Wy+-—Ws5)— —Wp— —W; — —Wy— —Wz+—Wy)

Yy Yy Yy Yy Yy Yy Y Yy Yy Yy Yy Y Y

u v u t s 4 1 t s s 1
——(——Wo— —W1 — —Wy — —Wg — —Wy + —W5) - —Wo — —W; — —Wz + —Wj),
Yy Y ) Y ) Yy Yy Yy Yy Y Y

and solving the system (2.1)-(2.2), the required result of (b) and (c) follow.

Takingr = s =t =u = v =y = 1in Theorem 2.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 2.1. Ifr =s=t=wu=wv =y =1 then forn > 0 we have the following formulas:

@ > o Wi= %(WWA»G — Whia —2Wig3 — 3Whgo — AWpi1 — Ws + Wi + 2Wo + 3W1 + 4Wh).
(b) ZZ:O War = %(_2W2n+2 +5Want1+2Wap +4Woy 1+ Way o+ 3Wop_3 —3Ws5 +5W4 —2W3 +

6Wo — W1 + TW).

(€) > or_oWakt1 = £ (3Wanyo + 2Wan — Wan 1 + Wan_2 — 2Wapn 3 + 2Ws — 5Wa + 3Ws — 4Ws +

AW, — 3Wo).

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Hexanacci numbers (take W,, = H,, with Hy =0, H, = 1,H, =1, H3 = 2, Hy = 4, H5 = 8).
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Corollary 2.2. Forn > 0, Hexanacci numbers have the following properties:

@) S o Hi=L(Hnie — Hpya — 2Hnys — 3Hnio — 4AH,q1 — 1).

(b) > o Hor = %(_2H2n+2 + 5Hont1 + 2Hon + 4H2n—1 + Hon—2 + 3Han—3 — 3).
(€) >or_o Hory1 = %(3H2n+2 +2Hsp, — Hop—1 4+ Han—2 —2H2,—3 + 2)

Taking W,, = E,, with By = 6,E, = 1,E> = 3,E3 = 7, E4 = 15, E5 = 31 in the above Proposition,
we have the following Corollary which presents linear sum formulas of Hexanacci-Lucas numbers.

Corollary 2.3. Forn > 0, Hexanacci-Lucas numbers have the following properties:
@ >0 Bx = %(En+6 — En4a —2En43 —3Enqi2 —4E,11+9).

(b) >p_o Bk = 2(—2FE2n42 4+ 5E2n11 + 2F2n + 4F2n 1 + Eon_2 4 3E2n 3 + 27).
(€) > h_oEort1= %(3E2n+2 +2Es, — Eon—1+ Ean—2 — 2E2,_3 — 18).

Taking r = 2,s =t =u =v =y = 1in Theorem 2.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 2.2. Ifr =2,s =t =u=v =y = 1 then forn > 0 we have the following formulas:
@ >r oWk =3Wnie—Wais —2Wnia —3Wais — AWonio — 5Whi1 — Ws + Wi+ 2Ws + 3Wa +
4W7 + 5Wo).

(b) >r_ o War = %(*Wzm-z +AWap41 4+ 2Wap +3Wop_1 4+ Wap_o +2Waoy 3 — 2W5 +5Wa — 2W5 +
6Ws — W71 + 7W0).

©) > hoWakt1 = é(2W2n+2 + Wang1 4+ 2Wap + Wap_o — Way_3 + W5 — 4Wy + 4W3 — 3W3 +
5L — 2W0).

From the last Proposition, we have the following Corollary which gives linear sum formulas of sixth-
order Pell numbers (take W,, = P, with Py =0,P, =1,P, =2,P; =5, Py = 13, P5s = 34).

Corollary 2.4. Forn > 0, sixth-order Pell numbers have the following properties:
(a) EZ:O Pk = %(Pn+6 - Pn+5 - 2P7L+4 - 3Pn+3 — 4Pn+2 — 5Pn+1 — 1)

(b) >r_ o Par = % (—=Pant2 +4Popnt1 +2Pop + 3Pan—1 + Popn—o + 2P2y—3 — 2).
(©) > i oPort1= %(2P2n+2 + Pont1 + 2Pon + Ponnma — Pon—s + 1).

Taking W,, = Q. WithQo =6,Q1 =2,Q2 = 6,Q3 = 17,Q4 = 46, Q5 = 122 in the last Proposition, we
have the following Corollary which presents linear sum formulas of sixth-order Pell-Lucas numbers.

Corollary 2.5. Forn > 0, sixth-order Pell-Lucas numbers have the following properties:
(a) ZZ:() Qr = %(QH-FG — Qnt5 — 2Qn+4a — 3Qn+3 — 4Qn+2 — 5Qny1 + 14).

(b) i Qo = 5 (—Q2nt2 + 4Q2nt1 + 2Q2n + 3Q2n—1 4 Q2n—2 + 2Q2n 3 + 28)..

(©) >r_oQ2rr1 = t(2Q2n12 + Q2nt1 + 2Q2n + Q2n—2 — Q2n—3 — 14)

fr=1s=1t=1Lu=1Lv=1y=2then(r+s+t+ut+v+y—1)(r—s+t—ut+v—y+1)=
0 so we can’t use Theorem 2.1 (b).

Proposition 2.3. Ifr = 1,s = 1,t = 1,u = 1,v = 1,y = 2 then forn > 0 we have the following
formula:

. 1
Z Wi = E(Wn% — Whta — 2Whis — 3Whyo — AWnp1 — Ws + Wa + 2Wo + 3W1 + 4Wp).
k=0
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Taking W,, = J, with Jo =0,J1 = 1,Jo = 1,J3 = 1,Js = 1, J5 = 1 in the last Proposition, we have
the following Corollary which presents linear sum formula of sixth-order Jacobsthal numbers.

Corollary 2.6. Forn > 0, sixth order Jacobsthal numbers have the following property:

From the last Proposition, we have the following Corollary which gives linear sum formula of sixth
order Jacobsthal-Lucas nhumbers (take W,, = j, with jo = 2, j1 = 1, j2 = 5, j3 = 10, js = 20, j5 = 40).

Corollary 2.7. Forn > 0, sixth order Jacobsthal-Lucas numbers have the following property:

L1, . . . .
ij = 6(Jn+6 — Jnta — 2jnt3 — 3jnt2 — 4jnt1 — 9).
k=0

3 LINEAR SUM FORMULAS OF GENERALIZED HEXANACCI
NUMBERS WITH NEGATIVE SUBSCRIPTS

The following Theorem presents some linear summing formulas of generalized Hexanacci numbers
with negative subscripts.

Theorem 3.1. Forn > 1 we have the following formulas:

(a) (Sum of the generalized Hexanacci numbers with negative indices) If r+s+t+u+v+y—1#0,
then
Weongs + (= D)Weopga +(r+s—DW_opis+(r+s+t —1H)W_pyo
Zn:W +r+s+t+u—D)Wo i +(r+s+t+ut+v—-1)W_p + Ky
k=
k=1

r+s+t+utov+y—1

where
Ky = Ws+(1—r)Wy+(1—r—s)Wa+(1—r—s—t)Wa+(1—r—s—t—u)Wi+(1—r—s—t—u—v)Wo
(b) If (r—s+t—u+v—y+1)(r+s+t+ut+v+y—1)#0then
ety e oW

S Wy = @426 +w+r+t)o—(+wy+ (r+57 = (s+w)? - DW_on —y(r +t+0)W_op 1 + Ks
P} —2k (r—s+t—u4+v—y+1)(r+s+t+ut+v+y—1)

where

Ks = (r+t+o)Ws—(s+u+ty+E+ov+r)r—DWa+ ((u+y)r+(1—3s)(t+v)Ws
Hou—y—(r+ v+ (uty)s — (r+ 6+ (s = 1)*)Wa + (v + (r + t)y — (s + w)o) W
F(—y—2(s+u) —2(r+t)v+ (s+u)y— (r+t)° +(s+u)’ -0+ 1)W

and
—(rtt+v)Woopnpa+(G+tuty+(t+to+r)r—1)W_oni3+((s—1)(t+v) = (u+y)r) W_onio
Futy+r+v—(uty)s+ T+ —(s—1D))W_on11
f: W _ v =y + s+ uWWoop +y(stuty—1DW_on_1+ Ks
=1 2kl (r—s+t—ut+v—y+1)(r+s+t+ut+v4+y—1)
where
K¢ = —(s+ut+y—1)Ws+({t+v+(s+u+y)r)Ws

+(—u—y—(r+t+v)r+(w+y)s+(s— D) Ws + (u+y)r + (u+y)t + (1 — s)v)Wa
+(—y—2s+u)—(r+tv+(s+u)y—(r+t)>+(s+u)’+ 1)W1+ y(r+t+v)Wo
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() fr+t+v#0As+u+y—1=0then

W onys +rWoonpo — (u+y)Woani1 —yW_on_1 + (r +t)W_z,
iW B +Ws —rWa+ (u+y)Ws — (r + ) Wa + yW1 — (r + t + v)Wo
Pt k= r+t+ov

and

—W_onta +TW_oonts — (u+y)Woonto + (r + ) We_ont1 — yW_2n
= +Wa —rWs + (u+y)Wa — (t +7)W1 + yWo
Z W_oky1 =
k=1

r+t+v
Note that (c) is a special case of (b).
Proof.

(a) Using the recurrence relation

1 v U t s T
an = 7W7n+6 - 7W77L+1 - 7W7n+2 - 7W7n+3 - 7W7n+4 - 7W*'n+5
Yy Yy Yy Yy Yy Y

i.e.
yW_pn =W_nte —mWe_nis — sW_pnyps —tW_pi3 —uW_pio —vW_pq
we obtain
yW_n = W_onye —rW_ngs —sW_opnpa —tW_pyz3 —ulW_pqo —vW_nja
YWont1 = Weonir —rmWeopnie — sWeonys —tWeongps —uW_ni3 —vW_pi2
YW_nto = W_opus—rW_pnyr —sW_ i —tW_pnis —uW_pis —0vW_py3
yW74 = W2 - 7‘W1 - SWO - tW71 — uW72 — UW73
yW73 = W3 — 7‘W2 — SW1 — tWo — UW71 — UW72
yW_o = Wy—rWs —sWy —tW; —uWy —ovW_y
yW_1 = Ws —rWa— sWs — tWy — ulWp — oWh.

If we add the above equations side by side, we get
y(> Wop)
k=1
= (-Wengs —Wonga =W i3 —Wopnio—W_ i1 —W_p + W5+ Wy + Wa + Wo+ Wi +Wo+ > W_y)

k=1

n
“r(-W_opga =W pys —W_pnio =Wy —W_p + Wa+ Wa+ Wo+ Wi+ Wo+ > W_y)
k=1

n
—s(-Wents = Wopnyo = Woppr = Wop + Wy + Wa + W1 + Wo + > W_y)
k=1

n
(W g2 =Wy — W+ Wat Wi+ Wo+ > W_yp)
k=1

n n
—u(=W_pp1 =Wy + Wi+ Wo+ > W_p) —v(=W_p + Wo+ > W_y)
k=1 k=1

and then the desired result.
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(b) and (c) Using the recurrence relation

l.e.
’UW_n_H = W—n+6 — TW_n+5 — SW_n+4 — tW_n+3 — ’l,LW_n.»,_z — yW_n
we obtain
WW_oont1 = Weoante —rWoanys —sWonia —tW_oni3 —ulW_onp2 —yW_o,
UW—2n+3 = W—2n+8 - TW—2n+7 - SW—2n+6 - tW—2n+5 - UW—2n+4 - yW_2n+2
vW_oonys = Weoontio —rWeoanto — sWoanys —tW_oni7 —uW_2n16 — yW_2n44
vW_onyr = Weoonti2 —rWeoant11 — sWoont10 —tW_2pnto —uW_2n18 — yW_2n16

UW77 = ng — T‘W73 — SW74 — tW75 — ’LLW76 — wag

oW_s = Wo—rW_1 —sW_og—tW_s —uW_y4 —yW_g¢
oW_g = Wo—rWi —sWy —tW_1 —uW_o —yW_4
'UW_l = W4 - TW3 — SW2 — th — ’uWo — yW_z.

If we add the above equations side by side, we get
0> Woopiy @1
k=1

n
= (—W_anta—W_onyo—Woon + Wo+ W+ Wat > W_oy)
k=1

n n
—r(=W_2pnt3 —Wooni1 + Wa+ Wi+ > W_opi1) —s(=W_onio — Wogn +Wo + Wa+ > W_op)
k=1 k=1

n n n
—t(—=W_ani1 + Wi+ > Weopy1) —u(-Woon + Wo+ > W_op) —u(D W_op).
k=1 k=1 k=1

Similarly, using the recurrence relation

1 v [ t s r
W_, = 7”7714»6 - 7”7714»1 - 7”7714»2 - 7”7"4’3 - 7”*71#»4 - 7W*TL+5
Y Yy Yy Yy Yy Y

l.e.
UW_n_H = W—n+6 — TW_n+5 — SW_n+4 — tW_n+3 — uW_n+2 — yW_n
we obtain
vWeoon = Woonis —rWeoonia —sWooniz —tWoonjo —uW_oni1 —yWoon1
UW—2n+2 = W—2n+7 - TW—2n+6 - SW—2n+5 - tW—2n+4 - UW—2n+3 - yW—2n+1
OW_onts = Wi_onio —rW_oonig — sW_onyr —tW_onye — uW_2n415 —yW_oni3
UW—2n+6 = W—2n+11 - TW—2n+10 - 5W—2n+9 - tW—2n+8 - UW—2n+7 - yW—2n+5

’UW78 = ng — T‘W74 — SW75 — tW,s — UW77 — wag

vW_e = W_1—rW_o—sW_g—tW_4—uW_5 —yW_s
oW_y = Wi—rWo—sW_y —tW_g —uW_3 —yW_5
’UW—2 = W3 — T'Wz — SW1 — tWO — UW_l — yW_g.
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If we add the equations side by side, we get

v Z W_or = (—W_oanys — Weooppr + Wi+ Ws + Z W_ok+1) (3.2)
k=1

k=1

—r(—W_gnyo — W_on + Wa + Wo + Z W_ak)
k=1

—s(—W_gny1 + W1 + Z W_ogt1) —t(=W_an + Wo + Z W_ak)

k=1 k=1
—U(Z W_oky1) —y(W_an_1 — W_1 + Z W_ok+1)-
k=1 k=1
Then, using
Wor = (=2Wo - 2w — Lwe = Swi - Zwa + 2w
Yy Yy Y Yy Y Y
and solving system (3.1)-(3.2) the required result of (b) and (c) follow.

Takingr = s =t =u =wv =y = 1in Theorem 3.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 3.1. Ifr =s=t=u=v =y =1 then forn > 1 we have the following formulas:

(a) ZZ:l W*k = %(_W77L+5+an+3+2wfn+2 +3W7n+1 +4W—n+W5_W3_2W2_3W1—4W0)

(b) Y Wook = L(2W_2nia — 5W_ony3 + 3W_onyo — AW _ony1 + AW _2n — 3W_on_1 + 3W5 —
S5Wa4 +2W3 — 6Wo + W7 — 7W0).

(€) >p s Weokg1 = 2 (—3W_onia+5W_oni3 —2W_onio +6W_ o1 — Woon +2W_on1 —2Ws5 +
5Wy — 3W3 + 4Ws — 4W5 + 3Wo).

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Hexanacci numbers (take W,, = H,, with Hy =0, H, =1, H, =1, H3 = 2, Hy = 4, H5 = 8).

Corollary 3.2. Forn > 1, Hexanacci numbers have the following properties:

@ >, H= %(*H—m-s +H_n43+2H pnyo+3H i1 +4H 4+ 1).
(b) > H o= %(2H72n+4 —5H _on43+3H_opto —4H _opy1 +4H 9, — 3H_2,—1 + 3).
(c) ZZ:I H o1 = é(*3H—2n+4 +5H on43 —2H 942+ 6H ont1 — H_on +2H 2,1 — 2).

Taking W,, = E,, with By = 6,E, = 1,E2 = 3,E3 = 7, E4 = 15, E5 = 31 in the above Proposition,
we have the following Corollary which presents linear sum formulas of Hexanacci-Lucas numbers.

Corollary 3.3. Forn > 1, Hexanacci-Lucas numbers have the following properties:

(a) 22:1 E_p = é(_E—n+5 +E_ 43+ 2FE _ny2+3E_nt1 +4E_, —9).
(b) i E_or= %(2E72n+4 —5E _9n43+3F _ony2 —4E_opnt1 +4FE 2, —3E_9n—1 — 27).
(€ > i i Eokr1= %(—3E—2n+4 +5F _op+3 —2F_9pq0 +6F _opny1 — F_on + 2E_9,_1 + 18).

Takingr = 2,s =t =u = v =y = 1in Theorem 3.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 3.2. Ifr =2,s =t =u=v =y = 1 then forn > 1 we have the following formulas:
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@ >r W= %(—W7n+5 AW oia +2W i3 +3W o +4AW 1 +5W . + W — Wy —2W3 —
3Ws — AW — 5Wy).

(b) 35 Woar = %(W72n+4 — AW _ony3 +4W_2ny2 — 3W_opny1 + W2y — 2W_2p1 + 2W5 —
5Wy +2W3 — 6Wo + Wy — 7Wo)

© > Wkt = é(_2W72n+4 + W opny3 —2W_opyo +6W_opi1 — Weop + W_op_1 — W5 +
AWy — 4W3 + 3Ws — 5Wy + 2Wo).

From the last Proposition, we have the following Corollary which gives linear sum formulas of sixth-
order Pell numbers (take W,, = P, with Py =0,P, =1,P. =2,P; =5, Py = 13, P5s = 34).

Corollary 3.4. Forn > 1, sixth-order Pell numbers have the following properties:

(a) ZZ:I P_y = %(_an#»s + an+4 + 2P77L+3 + 3P77L+2 + 4P77L+]. +5P_, + 1)
(b) Y Pox=g(Ponta — 4P oni3+ 4P on12 — 3P oni1 4+ 5P on — 2P 9n 1 + 2).
(€) >p_ i Pookt1=2(—2P-2nta+5P 2n43— 2P on42+ 6P ony1 — Poop + Pgp1 —1).

Taking W,, = Q, WithQo =6,Q1 =2,Q2 = 6,Q3 = 17,Q4 = 46, Q5 = 122 in the last Proposition, we
have the following Corollary which presents linear sum formulas of sixth-order Pell-Lucas numbers.

Corollary 3.5. Forn > 1, sixth-order Pell-Lucas numbers have the following properties:

(a) EZ:l Q*k = %(_Q*”+5 + Q*n+4 + 2Q7'n+3 + 3Q77z+2 + 4Q7n+1 + 5Q7n — 14)
(b) > Q2= é(Q72n+4 —4Q—2n+43 + 4Q—2n12 — 3Q—2n41 + 5Q—2n — 2Q—2n—1 — 28).
(€) > r , Qooky1 = é(*QQ—zn-‘-z; +5Q—2n+3 — 2Q—2n+2 + 6Q—2n+1 — Q-2 + Q—2n-1 + 14).

fr=s=t=1lLu=1lLv=1ly=2then(r+s+t+u+v+y—1)(r—s+t—ut+v—-—y+1)=0
so we can'’t use Theorem 3.1 (b).

Proposition3.3. Ifr=s=t=1,u=1,v =1,y = 2 then forn > 1 we have the following formula:

- 1
E W_r = 6(7W7n+5 +W_onys +2W_pnio+3W_pi1 +4W_,, + W5 — W3 — 2Ws — 3W7 — 4Wo).
k=1

Taking W,, = J, with Jo =0,J1 = 1,Jo =1,J3 = 1,Js = 1, J5 = 1 in the last Proposition, we have
the following Corollary which presents linear sum formula of sixth-order Jacobsthal numbers.

Corollary 3.6. Forn > 1, sixth order Jacobsthal numbers have the following property:
= 1
D Jon =g (Tonts 20 g2 + 3 np1 + 4T — Jongs = 5).
k=1

From the last Proposition, we have the following Corollary which gives linear sum formulas of sixth
order Jacobsthal-Lucas numbers (take W,, = j, with jo = 2,71 = 1,j2 = 5, j3 = 10, j4 = 20, j5 = 40).

Corollary 3.7. Forn > 1, sixth order Jacobsthal-Lucas numbers have the following property:

- 1, . . . :
Zj—k = 6(]7714»3 +2j nyo+3j-nr1+4jn —Jonss +9).
k=1
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4 CONCLUSION

Recently, there have been so many studies of the
sequences of numbers in the literature and the
sequences of numbers were widely used in many
research areas, such as architecture, nature,
art, physics and engineering. In this work, sum
identities were proved. The method used in this
paper can be used for the other linear recurrence
sequences, too. We have written sum identities
in terms of the generalized Hexanacci sequence,
and then we have presented the formulas as
special cases the corresponding identity for the
Hexanacci, Hexanacci-Lucas, sixth order Pell,
sixth order Pell-Lucas, sixth order Jacobsthal,
sixth order Jacobsthal-Lucas numbers. All the
listed identities in the corollaries may be proved
by induction, but that method of proof gives no
clue about their discovery. We give the proofs
to indicate how these identities, in general, were
discovered.
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