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Abstract

We provide the optimal bounds for the arithmetic mean in terms of harmonic, contra-harmonic
and new Seiffert-like means.
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1 Introduction

Seiffert [1, 2] introduced two means

a—>b
P (a,b) = 2arcsin [(a — b) / (a + b)]’
T (a,b) a=b

~ 2arctan [(a=b)/(a+0b)]
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These two means are called the first and second Seiffert means, respectively.
For two positive and unequal real numbers a and b, Witkowski [3] introduced the Seiffert-like mean
My (a,b) given by the formula

a—b
2fl(a=1b)/(a+Db)’

where the function f: (0,1) — R (called Seiffert function) satisfying
T

M (a,b) = (L.1)

T
14+

< f(z) <L .
<f@) <
It was shown that every symmetric and homogeneous mean of two positive real numbers can be
represented in the form (1.1) and that every Seiffert function produces a mean. The correspondence
between means and Seiffert functions is given by the formula

x la — bl
=~ wh = —. 1.2
f(x) Mf(l_x’1+x),werex A (1.2)
Witkowski proved that the following conditions are equivalent:
My(a,b) < My(a,b) < f(z) > g(z). (1.3)

The Neuman-Sandor mean NS (a,b) and logarithmic mean L (a,b) are the Seiffert-like means.

_ a—2>b

~ 2arcsinh [(a — b) / (a + b)]
_ a—>b

" 2arctanh [(a — b) / (a + b)]
Certainly, the first and second Seiffert means P (a,b) and T (a,b) can be denoted Marcsin(a,b) and

Marctan (a, b). Further more, Witkowski extend the new Seiffert-like means by showing that also sine,
tangent, hyperbolic sine and hyperbolic tangent are Seiffert functions, they are given as follows:

NS (a,b)

= Marcsinh (CL, b) )

L (a, b) = Marctanh (a7 b) )

a—b a—2b
ssni(a—0) /(arp] M (@b = o T s b
a—b a—b

Mann (0.0 = o —n @ o) @8 = a0 /@ro) Y

Msin (a, b) ==

(1.4)

In recent years, these Seiffert-like means and their inequalities have attracted attention of several
researchers [3, 4, 5, 6]. Undoubtedly, the Seiffert-like means are studied always compared with some
well-known symmetric and homogeneous means of positive arguments.

Let p € R and a,b > 0 with a # b, the pth Holder mean H,, (a,b) are defined by

1/p
aP+bP
Hp(a7b)_{ ( 2 ) 7p7é0a
Vab, p=0,

particularly
2ab
Hoy(a,b) = == = H(a,b), Ho(a,b) = Vab := G(a,b),
2 2
Hi(a,0) = 220 = Aa,), Ha (a,0) = /20 = Q(a,b),

2

are the harmonic mean, geometric mean, arithmetic mean and quadratic mean, respectively.
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It is well-known that the Holder mean H), (a,b) is strictly increasing with respect to p € R for fixed
a,b > 0 with a # b, hence the following inequalities hold

H(a,b) < G(a,b) < A(a,b) < Q(a,b) < C(a,b)
where C(a,b) = (a*® +b?)/(a + b) is contra-harmonic mean.
Leta>b>0and z = (a—10b)/(a+b) € (0,1), Witkowski [3, Lemma 3.1-3.2] proved the following
chains of inequalities

arctanh(z) > tan(z) > sinh(z) > z > arcsinh(z) > sin(z) > arctan(z) > tanh(zx)

hold for all z € (0,1). From (1.3) the following chains inequalities of means

Marctann (@, b) < Mian (a,b) < Mginn (a,b) < A

< Maresinh (@, b) < Mgin (a,b) < Marctan (a,b) < Miann (a, b) (1.6)

hold for a,b > 0 with a # b.

From the formula (1.2), we can get the Serffert functions of the harmonic, geometric, arithmetic,
quadratic and contra-harmonic means, they are listed as follows:

x x x
he) = 1o 90 = T a@) =, () =~ (1.7)
Note that
h (0) — arctanh(0) = 0, [h(z) — arctanh(z)] = (127:52)2 > 0 < h(x) > arctanh(z),
-z
cosh® () > (1—|—:L’2/2)2>1—|—1:2<:> ! < L < tanh (z) > _r
cosh? (z) ~ 1+a? Vitaz2
for z € (0,1).
Therefore,
H (a7 b) < Marctanh (a, b) ) Mtanh (ay b) < Q (a7 b) ) (18)
hold for all a,b > 0 with a # b. From (1.6), (1.8) we obtain chains inequalities
H (ay b) < Marctanh (CL, b) < Mtan (a7 b) < Msinh (a, b) < A (a, b)
< Marcsinh (a7 b) < Msin (0/7 b) < Marctan (a, b) < Mtanh (a, b) < Q (a, b) <C (a, b) s (19)
Y.-M.Chu [7] et al. find the greatest value o and the least value § such that the double inequality
oT (a,b) + (1 — a) G (a,b) < A(a,b) < BT (a,b) + (1 — B) G (a,b), (1.10)

hold for all a,b > 0 with a # b.

F.Yang [8] et al. find the greatest value « and the least value 8 such that the double inequality
aNS (a,b) + (1 —a) H (a,b) < A(a,b) < BNS (a,b) + (1 —B) H (a,b), (1.11)

hold for all a,b > 0 with a # b.
Motivated by inequalities (1.9)-(1.11), we will present the best possible parameters a;, 3; € R (i =
1,2, 3,4) such that the double inequalities

a1C (a,b) + (1 — a1) Mian (a,b) < A(a,b) < p1C (a,b) + (1 — B1) Mian (a, ),

a2C (a,b) + (1 — a2) Mginn (a,b) < A(a,b) < B2C (a,b) + (1 — B2) Minn (a,b),

a3 Main (a,b) + (1 — a3) H (a,b) < A(a,b) < BsMein (a,b) + (1 — 83) H (a,b),

a4 Miann (a,b) + (1 — o) H (a,b) < A(a,b) < BaMziann (a,b) + (1 — B4) H (a,b)
hold for all a,b > 0 with a # b.

32



Xu and Qian; ARJOM, 16(6): 30-36, 2020; Article no.ARJOM.56330

2 Lemmas
In order to prove our main results we need some lemmas, which we present in this section.

Lemma 2.1. (See [5]) Let —0o < a < b < +00, and let f, g : [a,b] = R be continuous on [a,b] and
differentiable on (a,b), and g’ (x) # 0 on (a,b). If f' (x) /g’ (z) is increasing (decreasing) on (a,b),

then so are
[(z)—f(a) f(z)—f(b)
g(x)—g(a) g(z)—g(b)’

If ' (x) /g’ (z) is strictly monotone, then the monotonicity in the conclusion is also strict.

Lemma 2.2. The function
- tan(z) — x
fw) = (1 + z?) tan(z) — z

is strictly increasing from (0,1) onto (1/4,[tan(1) — 1]/[2tan(1) — 1]).

Proof. Let fi (z) = tan(z) — x,f2 (z) = (1 + 27) tan(z) — 2. Then elaborated computations lead to

)= filz) _ file) = f1(0)
f2(x)  f2(z)— f2(0)

) tan(2)
fo' ()  2ztan(z) + (z2 + 1)(1 + tan?(z)) — 1

[l

= (z), (2.1)

/ 2 tan(z)(2*tan®(z) — tan®(x) + z?)
¢'(z) = 22 2 2
(z2tan?(z) + tan?(x) + 2z tan(z) + x?)
_ 2tan(z)(z® — sin®(z)) -0 (2.2)
(z2tan?(x) + tan?(z) + 2z tan(x) + 22)*cos?(z) ’ ‘
and
f(07)=1/4,f(17) = [tan(1) — 1]/[2tan(1) — 1] = 0.2635- - - . (2.3)
Therefore, Lemma 2.2 follows easily from (2.1)-(2.3) and Lemma 2.1 . O

Lemma 2.3. The function
(2) = sinh(z) — z
gr\x) = (1 + 2?)sinh(z) — =

is strictly decreasing from (0,1) onto ([sinh(1) — 1]/[2sinh(1) — 1],1/7).

Proof. Let g1 (x) = sinh(z) — 2,92 (z) = (1 + 2°) sinh(z) — 2. Then elaborated computations lead
to

1= @) " @) e 0)
g1 (z) = cosh(z) — 1, g (z) = 2z sinh(x) 4 (2 + 1) cosh(z) — 1 (2.4)
9" (x) _ g' () — 1" (0)
02 (@) 92 (1)~ 42/ (0 (29
91" (z) _ sinh(z)
g2” (x) 4z cosh(x) 4+ 2sinh(z) + (2 + 1) sinh(z)
! (2.6)

- 4z /tanh(z) +2 + (22 + 1)
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It follows from (2.4) C(2.6) and together with the fact that the function x — z/tanh (z) is positive
and strictly increasing on (0, 1), we clearly see that g1" (x) /g2” () is strictly decreasing on (0, 1).
Note that

g (0%) = % g (17) = [sinh(1) — 1]/[2sinh(1) — 1] = 0.1297 - - - . (2.7)
Therefore, Lemma 2.3 follows easily from (2.7) and the monotonicity of g (). O

Lemma 2.4. The function
x? sin(x)
x — (1 — x?)sin(x)

is strictly decreasing from (0,1) onto (sin(1),6/7).

h(z) =

Proof. Let hy (z) = 2%sin(z),h2 (z) =  — (1 — 2®) sin(z). Then simple computations lead to

_ h1 ($) _ h1 (x) — h1 (0)
hz (m) h2 (CC) — hz (0)7

hi' (z) = 2xsin(z) + x° cos(x), hh (z) = 1 + (2° — 1) cos(x) + 2z sin(z), (2.8)

hll (CE) h1/ (ac) — hll (0)

h(z)

hzl (I) h2/ (.T) — hzl (0) ’

hi" (z) _ 4z cos(z) + 2sin(z) — 22 sin(z)
ho' (z)  —(x2 — 1) sin(x) + 4z cos(z) + 2 sin(x)
1
=TT e@)’ (2.9)
where )
o(x) = sin(z) : (2.10)

"~ 4z cos(z) + 2sin(z) — 2 sin(x) - 4z /tan(z) +2 — a2’
It is easy to verify the function x — x/tan (x) is positive and strictly decreasing on (0, 1), which
imply that the function ¢(z) is increasing on (0, 1). Follow from (2.8)-(2.9) lead to the conclusion
that h1" (z) /h2" () is strictly decreasing on (0, 1).

Note that 6
h(0) = e (17) = sin(z) = 0.8414 - - - . (2.11)

Therefore, Lemma 2.4 follows easily from (2.11) and Lemma 2.1 together with the monotonicity of

h(z). O

Lemma 2.5. The function
2
x
z/tanh (z) — (1 — z?)
is strictly increasing from (0,1) onto (3/4,tanh(1)).

k(z)=

Proof. Let ki (x) = 22,k2 (x) = x/ tanh (x) — (1 — 2?). Then elaborated computations lead to
ki(z) _ ki(z) = ki (0)

k2 (13) kQ (.’E) — kQ (O+)’
E'i(x) 2zsinh?(x)

k'2(z)  2xcosh?(z) + cosh(x)sinh(x) — 3z’

k(z) =

(2.12)

(2.13)

Let k3 (x) = 2xsinh?(x), ka (z) = 2xcosh?(z) 4 cosh(z) sinh(z) — 3z, one has

ki'(x) _ ks(x) _ ks(x) — ks (0)
ko' (z)  ka(z)  ka(z)—ka(0)’
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ks’ (z) _ 2w cosh(z)sinh(z) + sinh?(x) 1 1 (2.14)

ks’ (z) 2z cosh(zx)sinh(zx) + 2sinh?(x) 2z/tanh(z) +2° '
By (2.14) and the function z — z/tanh (z) is positive and strictly increasing on (0,1), we clearly
see that k7 (x) /kb (z) is strictly increasing on (0, 1). Note that

k(07) = %,k (17) = tanh(1) = 0.7615 - - - . (2.15)

Therefore, Lemma 2.5 follows easily from (2.15) and Lemma 2.1 together with the monotonicity of
k(). O

3 Main Results

Theorem 3.1. The double inequalities
a1C (a,b) + (1 — a1) Mian (a,b) < A(a,b) < 81C (a,b) + (1 — B1) Mian (a,b) , (3.1)
a2C (a,b) + (1 — a2) Msinn (a,b) < A (a,b) < B2C (a,b) + (1 — B2) Mginn (a,b), (3.2)

hold for all a,b > 0 with a # b if and only if cu < 1/4, f1 > [tan(1) —1]/[2tan (1) —1] =
0.2635-- -, as < [sinh(1) — 1] /[2sinh(1) — 1] = 0.1297 - - and B2 > 1/7.

Proof. Since all the bivariate means concerned in Theorem 3.1 are symmetric and homogeneous
of degree one, we assume that @ > b > 0. Let z = (a—b)/(a+b) € (0,1). Then we making
use of (1.4)- (1.5) and (1.7) lead to the conclusion that inequalities (3.1) and (3.2) are respectively
equivalent to

o gga b§ ]\]\/4[:2 EZ Z; (1 +t;;l)(finzx:§ — =@ <8 (3:3)
L) T s Al e e e L RS
where f (z) and g (z) are defined as in Lemmas 2.2 and 2.3.
Therefore, Theorem 3.1 follows easily from (3.3), (3.4) together with Lemmas 2.2 and 2.3. O
Theorem 3.2. The double inequalities
azMgin (a,b) + (1 — a3) H (a,b) < A(a,b) < B3Msin (a,b) + (1 — B3) H (a,b), (3.5)
s Miann (a,0) + (1 — au) H (a,b) < A(a,b) < BaMiann (a,b) + (1 — 1) H (a,b), (3.6)

hold for all a,b > 0 with a # b if and only if az < sin(1) = 0.8414---, B3 > 6/7, as < 3/4 and
B4 > tanh (1) = 0.7615 - - -

Proof. Since all the bivariate means concerned in Theorem 3.2 are symmetric and homogeneous
of degree one, we assume that @ > b > 0. Let © = (a—0b)/(a+b) € (0,1). Then we making
use of (1.4)- (1.5) and (1.7) lead to the conclusion that inequalities (3.5) and (3.6) are respectively
equivalent to

A(a,b) — H (a,b) z? sin(z) -
< Mo (0.0) ~ H(a,h) 7~ (1 —a2)sin(@) @ < 3.7
A(a,b) — H (a,b) z? o
< Miann (a,b) — H (a,b) ~ x/tanh (z) — (1 —22) k(@) < Ba, (3.8)
where h (z) and k (x) are defined as in Lemmas 2.4 and 2.5.
Therefore, Theorem 3.2 follows easily from (3.7), (3.8) together with Lemmas 2.4 and 2.5. O
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4 Conclusion

In this paper, we used mathematical analysis method and the monotonicity of the functions to
study the arithmetic mean of some Seiffert-like functions, and obtained some optimal bounds of
these arithmetical means.
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