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Abstract

In previous work of the first author, a solvability condition of the Neumann boundary value problem
for the polyharmonic equation in the unit ball was obtained. This condition has a form of equality
to zero of some integral of a linear combination of the boundary functions. In the present paper
coefficients of that linear combination are explicitly obtained. In the investigation an arithmetical
triangle is arisen. For elements of this triangle a recurrence relation similar to binomial coefficients
is derived. It managed to get an explicit solution of the recurrence relation obtained.
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1 Introduction

Consider the homogeneous Neumann boundary value problem (see, for example, [(1), (4)]) for the
polyharmonic equation in the unit ball S = {z € R" : |z| < 1}
Afu(z) =0,z € S; &u =pi(s),s€dS, j=1k (1.1)
’ " Ovies D ’ Y

where v is the outer normal to 9S. More general boundary value problem containing higher order
polynomials on normal derivatives in the boundary condition: P;(9/0v)ujas = ¢;(s) is investigated
in (3). Solvability Theorem for this problem was proved. Special case of Theorem from (3) is the
following statement.

Let t"] = t(t —1)...(t — k + 1) be a factorial power of t. Consider a nonsingular matrix Cj, =
((=1())), ;5= Where (J) = 0 when j <.

i
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Theorem 1.1. Solution of the Neumann boundary value problem (1.1) for o; € C*77(8S), j = 1,k
exists then and only then when for any vector b, = (by,, ..., b%) — a solution of the algebraic equation
NE(0)bs, = 0 the following condition holds
[ Bherta) + -+ @) ds. o,
as

- Ck.

where the matrix Ny, (\) has the form Nj(\) = (()\ + 25 — 2)”])

i,j=1,k

Investigation of numbers b;, where s = 1,k and k € N, normalized in such a way that b, > 0

and |bf| = 1 is a subject of present paper. For example, for k = 1,2 it is known (1) that b} = 1 and

by = —b3 = 1. If we compose from the numbers b; an arithmetical triangle similar to the Pascal’s
triangle (see (2)) and normalize its rows in such a way that b, > 0 and |bf| = 1, then it has the form

1
1 -1
B= b b b . (1.2)
by b3 bi bi

Here rows are indexed by the subscript & € N and lines which are parallel to the left side of the
triangle B are indexed by the superscript s € N, s < k.

2 Matrix N, (0)

Let us find solutions of the homogeneous system NI (0)b;, = 0 for k > 1. For this purpose let us write

out the matrix N (0). It has the form N7 (0) = CF - ((2i - 2)[3']) . where
ij=T,
oll] 9l2] S olx]

(2k _ 2)[1] (2k _ 2)[2] (2K _ 2)[k1
Because the matrix C}, is a nonsingular one then we arrive to the system of the form
2[1]b11C R 2[k71]b2—1 — _Q[k]b’]z
: (2.1)

2k — 2)Mb) + - 4 (2k — 2)FUpEY = (2% — 2)Fpf

_Denote a matrix of this linear algebraic systemas A = (Ai,..., Ax_1), where A, = (2, ... (2k—
2))T, i =1,k — 1 are columns of A and let A, = (2%, ..., (2k — 2)*)T. Then (2.1) has the form

bi
Al - | = —bfAs. (2.2)
bt

Denote A} = det A and Aj = det(A1,..., As—1, Ag, Asy1,..., Ax_1), s = Lk — 1, i.e.

21 .. 2ls—1 2!kl 2ls+1] ... olk—1]
4 . 4ls—1] 41¥] gl .. gle—1]
Aj =
2k —2)0 . @k —2)B @2k -2 2k — )t (2k — 2)k— ]
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It is not hard to see that

21 olk—1] 1 ... 1[k=2]
4] glk=1] 1 ... glk=2]
A = ) _ ) =2.4---(2k—2)|.
(2k_2)[1] (Qk_g)[k—ll 1 ... (Qk_g)[k—2]
1 ... 1k=2
1 ... gk—2
=@k-2!. : = (2k —2)IW[L,3,...,(2k — 3)] = (2k — 2)!1(2k — 4)!1 ... 211,

1 - (2k—3)F2

where W[\, ..., Ak—1] denotes the Vandermonde determinant of order k — 1. Here the equality

PYL D Vi A k2

DY D Ve AL k2

. = . . =W Ae]
ML N ey

was used. Therefore the system (2.1) is uniquely solvable for any b%. Choose bf = =+1, but so that
by > 0.
To calculate A} consider more general case. Let A\1,...,A\x—1 € Cand k > 1. Denote

1 1 1 1
A APl
s.f 1 . s; 1 5-7 1 . s.f 1
)‘[lk] /\Ecgll R L /\[1 R )‘L—l]
AL = AR Aken) = | A A = (PR AR (23)
A\l : o
: . : )\[lk—l] )‘Eck—_f]
k—1 k—1 k k
A N
and A%2(\) = det (Agﬂ) . Dimension of all AL(\) (s = 0,k — 1)is k — L.
ij=1,k—1

Lemma 2.1. Forinteger k > 1 and any integer s such that 1 < s < k the following equality holds
k-1
sUALO) 4+ sPAL ) = =AY W)s T (s — 2). (2.4)
=1

Proof. Let s be an integer and such that 1 < s < k — 1. Consider determinant of the form

1 1
st
sl almt s\l
V(is;A)=| skl Al YL
s+1 s+1
0 Al Al
0o Al AT
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having dimension k.  Open it by the first column. According to (2.3) and taking into account the
equality s!) = 0, which is true for i > s, we have

V(s ) = (=1)*ZsMAi() — (1) sPAaio) +
+ (DAL ) = (1R (AR ) -+ sTAR ).
On the other hand. Take out the multiplier s from the first column, and the multiplier \;_; from

the ith column for ¢ > 2. It is not hard to see that the obtained determinant with the help of linear
combination of rows lead to the Vandermonde determinant W s, A1, ..., Ax—1]. Therefore

V(s;A) = sA1 ... A1 Ws, Ary .o, dea] = s H AN — )W AL, ..y Ak

—SH)\—SAk — SHS—

So, we obtain the equality

k—1
(11 TLGs = M)A = (-1 (SUAL0) + - + 5985 )

From here it follows (2.4). O

3 Auxiliary Identities for Numbers b;

Let us use Lemma 2.1 to find the numbers b;,.

Lemma 3.1. Forevery integer k > 1 and s such that1 < s < k — 1 the following equality holds

[k]
sMpl 4o 4 sy = (—1)k ¥ (g) . (3.1)
Proof. According to the above notation Aj(2,...,2k — 2) = A; and therefore by Lemma 2.1 for
Ai = 2i we have
k—1 s k]
WAL+ sl1Ay = AL T (s — 20) = —2° (5) AY. (3.2)
=0

Hence for s = 1 and k£ > 1 we obtain

[k]
Al = —A99k (%) — (—1)*AY(2k — 3.
Remembering system (2.2) by the Cramer’s rule we find

det(Ay, ..., As_1, —bE Ak, Asy1, ..., Ax_1)
a det A

A.S
= —bF =k,
AP

by, =

For s = 1 we have L
Aj,
by = —bf =% AD = (=1 bg (2k — 3)!!
vy
AR
A? £ 0 and multiplying it by (—1)* we obtain (3.1). O

and hence b} > 0 if bf = (=1)**1. Thus b} = (1)

Therefore, dividing the equality (3.2) by

683



British Journal of Mathematics and Computer Science 3(4), 680-690, 2013

From the proof of Lemma 3.1 it follows that
by, = (2k —3)!! fork > 1; by = (-1)""" fork > 1. (3.3)

Hence, we have found the left and right sides of the arithmetical triangle B, consisting of numbers
by (1.2).

Lemma 3.2. For k € N and integer s such that1 < s < k — 1 the numbers b, are defined by the

equality “
s _ k+e +1 J
by = = Z ) ( > <§> . (3.4)

Proof. Let us define b; = slb;, and suppose that () = 0 for b > a. Then (3.1) can be written in the

form
A S is S 7k—1 _ k+1lak [k]
<1>bk+ +<S>bk+ +<k_1>bk = (—1)"*12 (2)

and therefore the vector by, = (b}, ...,bF ') is a solution of the algebraic system

Ch = (-1t (M)

j=1,k—1

with the matrix ¢’ = ((;)) — It is nor hard to check that the triangular matrix C’ is inversible
i, j=1,k—1

and C'7t = ((71)"” : ) - This follows from the following equality (i > j)
i j=1,k—1

— stif ) (s iv s{i)([s 54 O (-pk
2 (s)(ﬂ')_(‘” 2 ( ) :“)ﬁZm

Therefore

and then using that b = s!b; we obtain

ok k=1 _ s .\ [k]
s _ k+s j+1 J
b= 02 S <j () -
From here it follows (3.4). O

Let us check the formula (3.4) for s = 1. We have b}, = (—1)**12% (1) = (2k — 3)11, which
coincides with the obtained above. Calculate the unknown number b?. Form (3.4) for k£ > 1 we obtain

(K]
b2 = (—1)F+22k (%) — 32— —(2k—3). (3.5)

Thus we have found the values on the first cross row witch is parallel to the left side of the triangle
(1.2). For k = 2 we have the known value of b3 = —1. Let us try to transform the formula (3.4) to

more compact form. Denote ™ (¢) = (4)" f(¢).
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Lemma 3.3. Fork € N and integer s such that 1 < s < k the following equality holds

@:vw“gaﬂ—wﬁi. (3.6)

Proof. ltis not hard to see that

(746 G- (4,

|t=1

h

Therefore for integer £ > 1 and s such that 1 < s < k — 1, according to (3.4), the following
equalities take place

bz:«4fﬂé§i}— “1<><;) kﬂi';cqu(j(hﬁyym

J [t=1
2 2 AN ok (k)
1F VO] =0 (Vi-y)
~ J s! [t=1
J=1 [t=1
i.e. (3.6) it true for the mentioned k& and s. Formula (3.6) is correct for s = k > 1 too. Indeed,
substituting s = & to (3.6) we obtain

(k—1)

. k12" e w128 [k k-1
b= R (Vi) = o (G- )
_ (_1)k+1 2k71

Vi (k—1) ((vi- 1)’671)(’6_1) = —byT1 = (1) b1

[t=1

[t=1

If substitute s = k = 1 to (3.6), then we have b1 = 1 and therefore b} = (—1)"7* = (-1)**'.
Earlier was obtained that b} = (—1)**! and hence the formula (3.6) is valid for s = k& O

Let us make one more transformation to formula (3.6) to calculate the numbers b;,. We prove one
auxiliary Lemma.

Lemma 3.4. Let f € C*(a,b), then for k € No = NU {0}

(e = Z_(HZ)W%wfmm,mmm

i1+...+is=k

(3.7)

Proof. For k = 0 this formula is obvious. For k = 1 we have the equality (f°(¢))" = sf*~'(¢)f'(t) and
by the formula (3.7) we obtain

Z <i1 17, )f(il)(t) T f(iS)(t) = f'(t) (f(o)(t))s—l N
i1t Fis=1 s

s—1
+(1Om) T rw =srTt s
This means that (3.7) is true for £ = 1. Now let (3.7) be true for some k € N. Prove it for k 4+ 1
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Indeed, using the assumption we can write

i14+is=k

= 2 ( ’“) (D@ 1@ 4 S ) =

i1t tis=k

_ k k G gy ... pGis) () —
D S { PR B (U PR

= Z (Zf +1 )f(il)(t) . "f(is)(t).
i1 tig=kt1 sl

This is what we desired. By the induction method Lemma is proved. O

4 Recurrence Relations

For k, s € N consider the notation

S S <k)
o= ((\/i_ b )|t:1'

Investigate a triangle A, which is similar to the triangle (1.2), but consisting from the numbers o,
fork,s e Nand s < k. If s = 0 or k = 0, then the values of a; can be calculated as a} = aj = 0.
Besides by (4.1) a} = 1 and ag = 1.

(4.1)

Lemma 4.1. For the numbers o}, the recurrence relation

s S s S s—
A y1 = (5 - k) @+ 50k Y (4.2)

holds, ai =0 fors > k and al =0 fork € N, butad = 1.

Proof. 1t is not hard to notice that if the degree s is more then the order of derivative &, then from
(4.1) it follows that a; = 0. The values of a} and aj are calculated before this Lemma by the formula
(4.1). Let us use (3.7) from Lemma 3.4 provided f(t) = v/t — 1. Because

1 _1)ym—1 1
(Vt—1)m™ = % (% - 1) <% —m+ 1) 27" = %(%— )Mt

we can write

2\ () k ks (200 — 3+ (20, — 3 5y,
((\/’E* b ) - > <1113> (=1) 2k k2
i1+ tis=k,i;>0

TS ( | ,’.“2.81)<—1>’€-S“ (i Z 0 Ciocs 95k

i1+ t+is—1=k,i;>0

k Cean (261 — 3N (2050 — )N =2
+s(s—1) > <z ; )(l)k +2(2h = 3) 2k.( fam2 — N, 23 FWt-1)?
Q4 tig_o=Fk,i;>0 Leenbs=2

s s—1 s—2
+o=ajt2 P qsal Mt 2 P(WE—1)+s(s—1)a) t 2 F(WEt—1)>2 4. (4.3)
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Therefore
S 4 s1,5=L 4
((\/E* 1)s> =ap41t2? F 1+sak+it 7 * 1(\/%* D+

On the other hand if differentiate (4.3) then we obtain

(k+1) s =2
((\ﬁ— 1)3) - (% - k:) ait2 4 Sa T R (Vi DF(Q).

Assuming in the previous equalities ¢t = 1 we obtain

s S s S s—
ak+1:(§—k)ak+§ak 17

which was to be proved. O

Notice that an equation, similar to (4.2) aj,, = (k — 2s + 1)a; + 3a; " was used in (5) when

constructing a system of special polynomials.

Values of aj with the help of (4.2) were calculated for several cross rows of the triangle A,
which are parallel to the sides of the triangle, and according to the obtained formulas we made an
assumption about the values of aj,. Omitting these calculations we just prove the found formula.

Lemma 4.2. Solution of the recurrence relation (4.2) under the boundary conditions a? = a’,j“ =0,
k € N and ad = 1 is unique and has the form

(2k—s—1)ls

ks (2k—s—=1Dls
2k (2k — 2s)!! = (=1

s k+s
ap = (—1) 225 (k — s)!’

(4.4)

where s,k € N and s < k.

Proof. Prove the existence and uniqueness of the solution of equation (4.2) under the mentioned
boundary conditions. Sketch the problem

0 ai a2 a3 0
~~~a‘,i+1:(S/Q—k)az—i—s/Qaz*l---

1°. Assuming k = 0 and s = 1 in (4.2), according to the boundary conditions, we obtain aj =
1ap + 1ad = 3. Formula (4.4) gives the same value for k = s = 1.

20, Calculate the values of aj, using the formula (4.2). Taking into consideration that a2 = 0 we
find

1 1 2k —3 _1(2k = 3)1!
a,lc = (5 —k + 1) a;lc_l + 5&2_1 = a]1€_1 = (—1)k 17( 2k—1) CL{ =

2% —3)1l

_ (71)]6,1( k+1 (Zk—l)"

2k (=1) 262k — 1)
This formula was derived under the condition & > 1, but it is true for £ = 1 too. By the formula

(4.4) we obtain the same value

(2k — 2)! a1 (26 —3)N

ar = (—1)k+lm =(-1) ok

3°. Calculate the values of af using the formula (4.2). Taking into consideration that a} ™' = 0 we
find

k k g k p_ k! k!
k k k k
ap = (5 — k‘ + 1) Q1 + Eak_} = 5%_1 = 2]@71 ai = 27
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This formula was derived under the condition k > 1, but using the equality a; = 3 we conclude
that it is true for k£ > 1 too. By the formula (4.4) we obtain the same value

p Qk—k—D& K
T T9k(2k —2k)1 | 2k

Thus the values of aj, on the left and right sides of the triangle A are obtained and the formula
(4.4) gives a solution of the equation (4.2) on the both sides of the triangle A. Equation (4.2) has such
a structure that by the known values of aj, on the both sides of the triangle A all values of aj, inside
the triangle A are uniquely determined from the equation (4.2). Therefore if numbers aj,, defined from
(4.4), are satisfied to equation (4.2) inside the triangle A, then formula (4.4) is determined a solution
of equation (4.2). Let us prove it. Let ai be found from (4.4). Substitute them to the right-hand side
of (4.2). We have

s s s S s s /S 2k —s—1)!s 18 (2k—s)(s—1
o= (G4 i = o (k) Gt s (e

2 2k (2k — 2s)!! 2 2k(2k — 25 + 2)!!
o ykts—1 (2k — s)!s B oy kst (2k—s+D)ls
=D g s g (B 24D+ (= D) = GO o e
i.e. a7, can be found from (4.4) too. Proof is complete. O

5 Triangle B and the Neumann Boundary Value Problem

Let us come back to the triangle B.

Lemma 5.1. Numbers b;, s,k € N are the unique solution of the recurrence relation

v = (2k —s)by — b3 ! (5.1)
" 1 (k=1 & Bl .
under the boundary conditions b;, = o) andb;, = (—1)""", k € N (according to (3.3)) and are
defined by the equality
s _ ¢ q1ys+1 2k —s—1 (2]€—28+1)”
bk =(=1) < s—1 (2k —25+1) (6-2)

Proof. By the formulas (3.6), (4.1) and (4.4) we write

2k (2k —s—1)! 2k —s—1\(2k—2s+ 1)
s __ (_ k+17 s (_ s+1 — (_ s+1
b= (DT e =0T G o - Y < s—1 >(2k—25+1)’

i.e. formula (5.2) defines the triangle B. On the both sides of the triangle B formula (5.2) gives

v (2k—2\@k—-DU . i1 2k —k—1) 2k — 2k + 1)1l .
bk—< 0 >(2k—1)_(2k_3)”’ ”k—<‘1)+< k-1 )(2k—2k+1)_(_1)+’

|
which coincide with the boundary conditions. If substitute the value of aj, = (71)’”1;—,;!)2 to the
equation (4.2), then we obtain

st s sl ¢ s 1 (s—D!
(_1)k+2 e bii = <§ _ k) (_1)k+127kbk + 5(_1)k+1( = ) b 1
After canceling on (—1)**2 ShFT we obtain the equation (5.1)
bjp1 = (2k — s)by, — by L.
Notice that for the binomial coefficients we have the relation C;,, = C; + C3~*. O
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Equation of the form (5.1) is determined the arithmetical triangle similar to the Pascal’s triangle,
Eulerian and Stirling numbers. Such triangles are investigated by the modulo of a prime (see, for
example, [(6), (2)]).

Let us calculate the values of b;, for some first cross rows that are parallel to the both sides of the
triangle B. We have

2 2k — 3 (2k—3)" " 1
= - VT (2 — ) = — >

bt = (1) (k k 2) ) (’;) k>

"
B2 = (—1)Ft (’Z " ;) % _ (—1)’”3<k I 1), k> 3.

Calculating b;, by the formula (5.2) we extend the triangle B from (1.2) up to six rows

that corresponds to (3.5),

and

B= 15 —-15 6 -1 . (5.3)
105 —105 45 —-10 1
945 —945 420 -105 15 -1
biy1 = (2k — s)bi — b}i_l

According to our investigation Theorem 1.1 can be represented in the form.

Theorem 5.2. Solution of the Neumann boundary value problem (1.1) for p; € C*79(9S), j = 1,k
exists then and only then when the vectorb, = (b, . .., by) which is equal to the kth row of the triangle
B from (5.3) is orthogonal to the vector Fy, = ([,,s ¢1(s)ds, ..., [55 ¢r(s)ds), i.e.

k .
(b, Fi) = / SO (-1 (%j_Jl 1) (2 — 2j — 1)1 oy (s) ds = 0. (5.4)
05 i

For example, the solvability condition for the Neumann boundary value problem for the 5-harmonic
equation in the unit ball has the form

/as (1051 (s) — 105p2(s) + 45¢3(s) — 10pa(s) + @s(s)) ds = 0.

Constructing solutions of the Neumann boundary value problem (1.1) for the polyharmonic equation
can be reduced to the Dirichlet boundary value problem [(4),(7),(8)].

6 CONCLUSIONS

The major findings of the study are
a New arithmetical triangle B given by (5.3) is introduced and investigated.
b Solution of the recurrence relation b; ., = (2k — s)bj, — b~ " under the boundary conditions b;, =

_1n
% and bf = (—1)**!, k € N is obtained.
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¢ Solvability condition of the Neumann boundary value problem (1.1) for the polyharmonic equation
in the unit ball is explicitly given in the form (5.4) .
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